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Abstract

In this companionpaper, we formally introduceSTRAT, a
stratification centric methodology for the empirical evalu-
ation of classificationsystems.Themotivatingcriteria for
STRAT’sdevelopmentarediscussed,aswell asthepotential
consequencesofdepartingfromsomecommonstatisticalas-
sumptionsmadewhenapplyingmore traditional methods.
STRAT usesan establishedreplicate statistical technique
calledbalancedrepeatedreplication,or BRR,that doesnot
requirethei.i.d. assumptionneededfor bootstrapping, jack-
knifing, or binomialtechniques.

1. Intr oduction
STRAT is a stratified, efficient, flexible, sampling de-
sign aware methodologyfor the empirical evaluation of
classificationand recognitionsystems. STRAT, which is
short for both stratification and“Stratified Techniquesfor
RecognizerAssessmentandTesting,” hasbeenusedby the
authorsfor a varietyof classifierevaluations.STRAT’s pre-
liminary conceptswere introducedin [34]. In [4], it was
usedto determineif super-resolutiontechniquescould im-
prove facerecognitionrate. An abbreviated(andunnamed)
form of themethodologywasfirst publishedin [35] whereit
wasshown how STRAT couldbeusedto augmentthewell-
known FERETfacerecognitionalgorithmevaluation[37].

This paperhastwo main objectives. First, for the first
time, we formally introducea completeversionof STRAT

with enoughdetail for implementation.Second,this paper
is to serve asa positionpaperandto stimulatediscussions
of issuesthatarefacedduringanevaluationof classification
systems.As will be shown, many of the choicesmadein
classifierevaluationaresubtle,surprisinglycomplex, andin
somecases,havedramaticconsequences.

This paperis organizedasfollows. In the next section,
Section2, weintroduceSTRAT’ssamplingandmodelview-
points,aswell assomenomenclaturethat we usethrough-
out the paper. In Section3, we discussthe fundamental
criterion that helpedshapethe STRAT methodology. Sec-
tion 4 discussesthetiesbetweenclassificationandclustered

data. Section5 is a survey of samplingissuesand more
traditional evaluations,and the consequencesof departing
from somecommonstatisticalassumptions.Section6 is a
shortreview of stratifiedsampling.This leadsto Section7,
wherewe summarizethestratifiedreplicatestatisticaltech-
niqueknown asbalancedrepeatedreplication,or BRR.Af-
ter theconclusionin Section8, thereis a brief review of the
backgroundrequiredto implementBRR — orthogonalar-
raysin AppendixA andGaloisFieldsin AppendixB. The
bibliographyclosesthepaper.

2. Sampling,Models,and Terminology
In this section,we briefly definea more formal terminol-
ogy andsystemmodelfor usein this paper. For thesake of
clarity, andto separateSTRAT from theconnotationscarried
frommoretraditionalmethods,wewill sometimesintroduce
someterminologythatmayalreadyhavewell-knowndefini-
tions experimentaldesignor otherfields. Also, sincemost
of ourpreviousresearchhasbeenonfacerecognitionevalu-
ation,our exampleswill begearedtowardsthis area.How-
ever, STRAT is flexible enoughfor a muchwider varietyof
systems.We begin with anoverview of classifierevaluation
andsystems.

2.1. ClassifierEvaluation
Classifierevaluationmay be viewed as a variety of sam-
plings,eachperformedattheirown layerof abstraction,with
perhapsdiffering methods. The samplingdesign, a term
from thestatisticalliterature[6], [31], indicatesthemethod
by which theobservationsaremade.We usethetermsam-
pling level to referto the“stage”in which thesamplingoc-
curs.In thispaper, wedistinguishbetweenfour differentde-
signssimplerandom, stratified, clusterandsystematicsam-
pling and four samplinglevels population, system, model,
andanalysis.

Note that thereis theunfortunatepotentialfor the word
“population” to connotea groupof individuals,asopposed
to the moregeneraldefinition [6] — “the aggregateof in-
terest.” Throughoutthe remainderof the paper, it should
bekept in mind thatthetermpopulationis usedto describe
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theentirecollectionof potentialobservations.For example,
in facerecognition,our useof thetermpopulationrefersto
imagesof people,not thepeoplethemselves.

At eachsamplingstagethereis a method,the sampling
design, thatdictateshow ourobservationsaremade.In sim-
ple randomsamplingor srs, observationsaremadeby se-
lectingunitswhereevery unit hasanequalchanceof being
drawn [6]. In stratified sampling, abbreviatedst, the pop-
ulation is dividedinto smaller, non-overlappingsubpopula-
tions, or strata. If srs is performedwithin eachstratum,
thentheobservationswerecollectedvia stratifiedsampling.
In cluster sampling, eachsamplingunit itself consistsof
a group of smallerunits, or subunits, where the subunits
are the elementsof interest. Whenobservationsaremade
via regularor deterministicmechanisms(excludingpseudo-
randommethods)onehasperformedsystematicsampling.

2.1.1 Population Level Sampling

Traditionally, samplingrefersto theselectionof unitsto ob-
serve from a largerpopulation. We referto thestageduring
which the original datais obtainedasthe populationlevel
sampling.For example,thechoiceof individuals(classes),
lighting, pose,sensorparameters,andsoon,areall madeat
this populationlevel. If the datais synthetic,thechoiceof
simulationparameterswould be includedin thepopulation
level sampling.

2.1.2 SystemLevel Sampling

In mostsystemsthereexistsa setof parameters,somedis-
creteandothercontinuous,thatsteertheclassifier’s behav-
ior. In facerecognitionsystems,this may include thresh-
olds for the minimum allowableproximity to an exemplar,
facesizenormalizationparameters,numberof Eigenvectors,
andsoon. In a PrincipalComponentAnalysis(PCA)based
system,the choiceamongdifferentnorms(i.e., L1, L2, or
Mahanalobisdistance)mayalsobeconsidereda parameter
choice.Obviously, it is impracticalto run theclassifierover
everypermutationof systemparameters.Therefore,thepar-
ticular selectionof algorithmandsensorparametersusedin
an evaluationis itself a samplingat the systemlevel. Typ-
ically, systemparametersareselectedvia systematicsam-
pling.

2.1.3 Model Level Sampling

Becausemostclassifiersrequirean explicit training phase,
we considerthe selectionof training and/orexemplarsas
part of the model level sampling. Often, systemtraining
maybe furtherdivided into multiple statesasthereis both
initial and iterative or updatetraining. The initial training
refersto thesystemtrainingthatwould beperformedonce,
and“global” to theexperimentsperformed.The iterativeor

updatetraining refersto training that is specificto a single
experimentor trial.

To illustrate,consideronevariationof a PCA basedface
recognitionsystem. Startingwith a collectionof faceim-
agery, onecould collecta setof “generic” bases.Thenfor
a particularsetof facesto identify, eachexemplarwould be
projectedontothegenericbases,creatingthegallery, or col-
lection of peopleto be identified. Eachinput imageof an
unknown subjectwould becomparedto thegalleryvia pro-
jectionontothesamesetof bases.In thisexample,thegen-
erationof thebaseswouldbeconsideredtheinitial training,
and the updatetraining would consistof the projectionof
eachgalleryimage.This hastheadvantageof not requiring
explicit retrainingwhennew exemplarsareadded.However,
sinceinformationinherentto theclassesto bediscriminated
arenotabsorbedinto PCAbasis,thereis thepotentialfor the
classifierto loseclassificationaccuracy. If thePCA hasno
initial trainingphase,i.e. consistingof updatetrainingonly,
it doesnot suffer from this potentialinformation loss,but
mustretrainfor everynew gallery. Having a globaltraining
maybeparticularlydisadvantageousto LinearDiscriminant
Analysis,or LDA, methods,sincethey may be moresen-
sitive to differencesin training. However, moreempirical
evidenceis requiredto supportthisclaim. Althoughit is not
explicitly statedin their research,theFERETtests([37] and
[3]) andtheevaluationsof Beveridgeet.al. ([2] and[1]) use
both initial and iterative training during model level sam-
pling.

2.1.4 AnalysisLevel Sampling

Finally, at theanalysislevel of samplingthereis thereview
of thedataandthesynthesisof conclusions.Regardlessof
the metric, given a large numberof probestatisticsθp we
ultimatelydesire:� an unbiasedestimatorof the expectedvalueof θ over

all theclassesrepresentedin theimages� an unbiasedestimatorof the standarderror, v
�
θ � or

varianceof θ, and� the ability to state,with probabilisticconfidence,the
rangeof valuesof θ for usein hypothesistesting.

Considerthe potentialvolumeof datarequiredfor such
an estimate.Supposeour goal is to estimatethe expected
value of somelinear statisticdefinedover the population.
Givena probesetof thepopulation,we couldobtaina sin-
gle statistic,but this canprovide neitherstandarderror nor
a confidenceinterval. Suppose,however, that insteadof a
singleprobeset,it is possibleto obtaina setP of multiple
probes,denotedasP. More formally, P ��� P1 � P2 ���	�
�	� P�P �
�
where� � pi j ����� � pkj � , pi j is the jth imageof probeseti, and
i, j, k assumetheir obviousandreasonablevalues.Then,it
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wouldbepossibleto collectmultipleestimates,onefor each
probeset. Givenenoughprobesets,the distribution of the
statisticcould be estimatedor, for somestatistics,the cen-
tral limit theoremcouldbeinvoked.Unfortunately, thedata
requirementsto get sucha measurementarenon-trivial —
thirty to fifty images(at minimum) per subjectmay be re-
quired.Let usnot losesightof thefactthatobtainingjust a
singleestimatemayitself bea difficult andtime-consuming
process,particularly if complex ground-truthis required.
We alsoneeda methodologythatallows standarderrorand
confidenceintervals estimationfrom a minimal amountof
data. In Section5.2., we discussmany of the traditional
techniquesappliedat thisanalysislevel.

As just illustrated, one of the fundamentaldifficulties
facedin classifierevaluationis the difficulty of acquiring
sufficient data— systemevaluationcanbe an enormously
timeconsuming,tedious,anddifficult process.

2.2. SystemTerminology
Let us briefly return to defining terminology. A sceneis
definedassomeboundedspaceandtime containingsome
objectsor phenomenonthat an experimenterwishesto in-
vestigate.Within thissceneis somesetof characteristics,or
propertiesof interest.Thesepropertiestake on someideal
states— their “true” valuescanonly be estimatedthrough
measurementor imaging by a sensorand/orsomealgorith-
mic processing.Let a context representa set of potential
scenescoupledwith asetof constraintsthatanexperimenter
attemptsto enforceon thatscene.A singleexperimentcon-
strainsthe context to a subcontext, a specificsetof param-
etersand constraints.An experiment,however, may con-
sistof many trials, duringwhich thesceneundergoessome
change.In thedomainof evaluation,acontext canbeviewed
asputtingboundson thegenericitythatwill beusedin the
performanceevaluation.

Within a context, there are both explicit and implicit
properties.We considerany propertyover which anexper-
imenterexercisesdirect control, an explicit property. All
otherpropertiesareimplicit. Typically, mostexperimenters
try to vary thefactorsof interest,while controllingthevari-
ationin theotherconstraints,which mustbeaccountedfor.
It is only in this mannerthatonecandraw correspondences
betweenparticularvariationsin inputto variationsin output.
Naturally, therearealwaysamuchlargernumberof implicit
propertiesthanexplicit ones.Onehopesthatthevastmajor-
ity of theseimplicit propertieshave negligible effect on the
outcomeof the experiments.Unfortunatelyfor all experi-
menters,this is notalwaysthecase.

Assumeour context definesa setW consistingof L non-
overlappingclassesof interest,orW1, W2, ����� , WL. Let Sbea
setof imageswhereeachimages � Sbelongsto someclass
Wi . Let #i

�
S� representthenumberof imagesin Sbelonging

to classWi . Then,we call setsS1 andS2 equallyrepresen-

tative if f #i
�
S1 ��� #i

�
S2 � for all 1 � i � L andtheunionof

S1 andS2 is empty. Further, wedefinea setSasfully repre-
sentativewith respectto W if f eachclasscorrespondsto at
leastoneimagein S, i.e.,#i

�
S��� 0 for all 1 � i � L. Finally,

we call a setuniquelyrepresentativeif f thereis at mostone
imagein Sbelongingto eachclassin W, i.e., #i

�
S��� 1 for

all 1 � i � L. It followsthatasetSwith oneimageperclass
from classW is bothfully anduniquelyrepresentative.

A classifiercanbeconsideredanalgorithmφ that,given
aninput (image)x, returnsa classlabel i indicatingthatx �
Wi . With a humanin theloop,acommonpracticeis to relax
thedefinition,outputtinga setof candidatescorresponding
to thetopn potentiallabels.

Let thesetof imagesG representa trainingsetor gallery.
Let P beasetof unknowns,(alsoreferredto asprobesor test
data) thatneedclassification.For simplicity, weassumethat
G andP arefully anduniquelyrepresentative. This greatly
simplifiesourdiscussionandallowsusto substituteG for P
asthe training setwithout concerningourselveswith addi-
tional normalizationissues.(We returnto theconsequences
of swappingthe training and test datalater.) Most classi-
fiers,givena trainingimageg � G andprobeimagep � P,
cancomputesomeboundedsimilarity metric sφ

�
g � p� indi-

cating the proximity, or degreeto which p belongsin the
classcorrespondingto g.

As mentionedpreviously, given an input p, a classifier
emitsa label i indicatingthe mostlikely classWi to which
the input belongs.Typically, this is simply the labelof the
galleryelementg thatproducedthehighestor lowestsimi-
larity scoresφ

�
g � pi � . In thecasewheremany candidatesare

emitted,the labelsmay correspondto the top n similarity
scores.

Let gi representa gallery imageof classWi , andlet � � x�
representthelabelfor imagex’s trueclass.Givenaprobep,
a vectorof similarity scoress

�
g � p� canbe calculatedfrom

all imagesg � G. Sorting the similarity vector and find-
ing thecorrectclass’respectivepositionalongit determines
theprobe’s rank. Specifically, a probehasa rankof n over
gallerysetG if in thesimilarity vector, thereexist exactly n
scoresgreaterthanor equalto s

�
g��� p� � p� . For normalization

amongevaluationswith differentnumbersof subjects,given
arankr andmuniquelyrepresentativeprobes,wedefinethe
relative rank R asR � r � m. Note that evaluationswith a
greaternumberof probesenjoy a lower “best” possiblerel-
ative rank.

With thesystemterminologybehindus,wecannow con-
tinue on to more interestingissues,suchas the principles
thathaveguidedSTRAT’sdevelopment.
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3. Guiding Principles
Thereare threefundamentalcriteria that have steeredthe
developmentof this new methodology. In this section,we
will briefly presentthe criteriahere,andwill supportthem
throughouttheremainderof thepaper.

CRI TERI ON 1 Makeminimalstatisticalassumptions
wheneverpossible.

Naturally, as we decreasethe numberand severity of an
evaluationmethodology’sstatisticalrequirements,themore
flexible it becomes.Therefore,whenever possible,the au-
thors advocatethe useof methodsthat make assumptions
that areeitherminimal or arewell justified — even if this
meanssacrificingsomestatisticalefficiency.

CRI TERI ON 2 Beableto accountfor clusters.

Unfortunately, disregardingeithernaturalor experimentally
inducedclusteringof datacanhave seriousconsequences.
Often, disregardingclustersoccursunexpectedly. For ex-
ample,if it is assumedthat the input datawascollectedvia
srs, andthatclassifieroutputsareuncorrelated,thenonehas
madethestrongimplicit statisticalassumptionthattheclas-
sifierperformsawhiteningovernaturalclustersin theinput
data. Later, we will show a specificexampleof the differ-
encein theconclusionsmadewith andwithout recognizing
clusteredinputs.

CRI TERI ON 3 Use the proper estimators given the
samplingdesign.

A key contributionof thesurvey samplingcommunityis the
theoreticaland empirical drive towardsthe useof estima-
torsthatproperlyreflectcomplex samplingdesigns.Thatis,
givena sampleknowingly obtainedby a certaindesign,an
appropriatelyadjustedestimatorshouldbe applied. Other-
wise,asthesampledepartsfrom anestimator’s underlying
assumptionsthereis anincreasedchanceof obtaininginac-
curateresults.

For illustration,considerthe following overly simplistic
example.Givena smallpopulation,samplingwith replace-
ment from an urn with a binary outcomeis bestmodeled
with thebinomialdistribution. If however, wesampledwith-
out replacement,a hypergeometricdistribution would be a
betterchoice. Likewise,we would not expectto beableto
usethe sameestimatorfor both srs and st and obtain the
sameresults.

4. Classificationand ClusteredData
Criterion 2 statesthat our evaluationmethodologyshould
take clustereddatainto account.This is becauseclassifica-
tionsystemsareinextricablefromtheclusteringof data.The

very conceptof classificationassumesthatdifferentclasses
have their own uniquedistribution,andthatsampleswithin
a classsharesomedegreeof homogeneity— i.e., thereare
consistentfeaturesof an input, that whenaccuratelymea-
sured,allow correct labeling. Without the clusteringas-
sumptions,thereis little merit to theclassificationproblem
itself. To illustrate,considerthe problemof humanidenti-
ficationvia facial imagery. Certainly, we expectimagesof
thesamepersonto have somedegreeof homogeneity;it is
this very consistency that allows us to distinguishoneface
from another. In fact,theauthorsexpectclustereddatato be
presentin any biometricevaluation.

Givena featurevector, a classifierreturnsa labelcorre-
spondingto themostlikely classto whichtheinputbelongs.
Given a set of samplesfrom a single class,running each
input througha classifierdefinesan empiricaldistribution
over thesetof classlabels.Thisdistribution,whichsumma-
rizesthis class’behavior conditionedon the algorithmand
trainingset,is, for thepurposesof evaluation,furthertrans-
formedinto someerrordistribution, indicatingsomedegree
of “correctness”for a given class— one of the simplest
transformsis simply thefractionof correctlabels.Unfortu-
nately, sincewe cannotexpectthateachclassproducesthe
samedistribution of labels,we alsocannotexpectthateach
classproducesthesameerrordistribution. Therefore,given
a setof samplesfrom multiple classes,this final, conglom-
erateerrordistributionmaybecomposedof many modesor
clusters(numberingat mostthenumberof classes).On the
subjectof clusters,Kish [26] states:

The individuals in [clusters]tend to resembleeachother —
thereis usuallysomehomogeneityof characteristics,of atti-
tudes,of behavior — but homogeneityis generallynot com-
plete[.] Becauseof this homogeneity, the useof theseclus-
tersfor samplingunits hasdefiniteconsequences:it destroys
theindependenceof thecharacteristicsof thesampleelements.
Thecorrespondencewith the“well-mixedurn,” inherentin the
assumptionof independence,is negated;andformulasthatde-
pendon thatassumptionfail to apply.

Let us examinethis clusteringmore formally. Given a
probepi , andanelementof classWi , we obtain,at different
systemlayers,eithera setof similarity measures,or a col-
lection of potentiallabels. Let pi representa randomvari-
ablethat realizesprobesbelongingto classWi , i.e., various
valuesof pi . Then,φ

�
pi � maybetreatedasa randomvari-

able that describesa distribution of similarity measuresor
labelspotentiallygeneratedby runningdifferentvaluesof
pi throughtheclassifier. Similarly, if θ representsthemetric
which transformsthesimilarity matrix or labelsto anerror
measure,θ

�
φ
�
pi ��� mayalsobetreatedasarandomvariable.

By natureof theclassificationproblem,wecannotexpectpi

andp j to have thesamestatisticalproperties(for i �� j, ob-
viously). It follows thatwe cannotexpectthatθ

�
φ
�
pi ��� and

θ
�
φ
�
p j ��� , theerrordistributionsof classesWi andWj , have

thesamepropertieseither(for i �� j). To dosowould imply
thatθ � φ alsoactsasa whiteningfilter which homogenizes
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thesystemoutput.
Therefore,givena setof samplesfrom multiple classes,

we expect this final, conglomerateerror distribution to be
composedof many modesor clusters.

In a classifierevaluation,we areusuallyconcernedwith
theoutputof oursystem.However, giventhatweknow there
areclustersin theoriginalinputdata,onecannotassumethat
thesystemoutputisnotclustered.In ordertouseatechnique
thatdoesnotaccountfor clusteringwith full confidence,one
needsto showthatthesystemproperlydecorrelatesthedata.

Thereis a possibility that the datais alsoclusterableby
someothercriterion or covariate— determiningthe “cor-
rect” or “best” stratificationcriterion is not always clear.
This is implicitly reflectedin Kish’spreviousquotewhenhe
statesthe homogeneityis “generallynot complete.” How-
ever, given that we generallyexpect the mostsimilarity to
occurbetweensamplesbelongingto thesameclass,it seems
only naturalto stratify over classidentity. In summary, tak-
ing astratifiedsamplingapproachallowsusto explicitly ac-
countfor statisticallycorrelatedclustersor strata.

5. Sampling Issues
In thissection,wediscussin detail,thekindsof assumptions
thatareoften madeat thedifferentlevelsof sampling,and
how they may effect an evaluation’s results. For now, we
will concentrateonmisclassificationrate— themetricmost
likely to beof greatestinterestto classifierresearchers.

5.1. SimpleRandomSampling
The vast majority of traditional textbook estimationtech-
niquesarefoundedon the assumptionthat simplerandom
samplingwas usedto obtain the underlyingobservations.
Unfortunately, asdiscussedin theprevioussectionit is not
alwaysclearthat,givenaparticularexperiment,theconcept
of srs over thesystemoutputis eitherfeasibleor evenwell
defined. In experimentswherethe datahasbeencollected
from anoutsidesource,thereis anevengreaterpotentialfor
thesamplingdesignto departfrom theevaluator’s assump-
tions.

Merginga binaryoutcomewith thesrs assumptionleads
directly to statisticaltestsandmethodsbasedon the bino-
mial distribution (suchasMcNemar’s test)[33]. At first ex-
amination,the binomial distribution is alsoparticularlyat-
tractive becauseit is a simple,easily-understood,andwell-
studieddistribution. Its use for evaluationhas beendis-
cussedfor classifiers[1], [10], [15], [41], [42] andfor eval-
uationandtuning in a variety of otherdomains,including
inductive learningsystems[18], andspeechrecognitional-
gorithms[19].

However, there can be direct and measurableconse-
quenceswhentheunderlyingdatadepartsfrom srs. In [26],
Kish discussessomequantitative consequencesof violat-
ing the srs assumption,which we will briefly summarize

here. He shows that even small departuresfrom srs can
have drasticeffects on standarderrorsand confidencein-
tervals. Typically, this distortionincreaseswith theproduct
ρ
�
n � 1� wheren is the averagenumberof elementsin a

clusterandρ is the intraclasscorrelationcoefficientor icc.
For example,Kish shows thateven if this productis “just”
0 � 2, a 0 � 95confidenceinterval which is reportedlyincorrect
with a frequency of 0 � 05will, in actuality, beincorrectwith
a frequency of 0 � 074, nearly a 50% increase. Therefore,
both ρ andn needto be small to maintainreasonablecon-
fidenceintervals. However, Kish alsonotesthat a low icc
impliesa characteristicof measurethatis “f airly randomly”
distributedwithin theclusters.Certainly, whenit is theclass
that is bothmeasuredand themaincausefor clustering,we
cannotexpecta negligible icc.

Thesedeparturesfollow directly from the statisticsof a
sequenceof non-stationaryBernoulli trials, that is, where
the probability of successp is not fixed. As shown in [5,
pp. 135–136],if p varieswithin a trial (i.e., a trial consists
of several sub-trials,eachwith their own p) standarderror
is reduced.Conversely, if p variesbetweentrials (i.e., each
trial hasits own p) standarderror in increased.In practice,
it maynotalwaysbeclearwhetherp is changingwithin tri-
als, amongtrials, or both. However, assuggestedby [26],
if priors areavailable,a McNemar-style test may be used
by makingproperadjustmentsto the test’s underlyingvari-
anceestimators.Otherwise,thereis no soundway to “fix”
Bernoulliassumptions.

To illustratetheeffectsof clustereddata,consideranex-
amplefrom Cochran[6] “illustrating justhow erroneousthe
binomialformulamaybe.”

A groupof 61 leprosypatientswere treatedwith a drug for
48 weeks. To measurethe effect of the drug on the leprosy
bacilli, thepresenceof bacilli at six siteson thebodyof each
patientwastestedbacteriologically. Amongthe366sites,153,
or 41 8% were negative. What is the standarderror of this
percentage?

Using the traditional binomial formula the standarderror
is approximately2 � 58%. However, if oneusesthe recom-
mendedclustersamplingproportionestimators,thestandard
error is estimatedto beabout1 � 8 timeslarger, or 4 � 65%—
quitea largedifference.

The binomial formula requiresthe assumptionthat resultsat
different siteson the samepatientare independent,although
actuallythey have astrongpositive correlation.

In somestatisticalliterature,the term overdispersion is
usedto refer to situationswherethetruevarianceof a pop-
ulationis largerthanthatobtainedvia standardbinomiales-
timators[9]. Accordingto Collett [8, p. 190] thetwo major
causesof overdispersionare(emphasishis) “variation be-
tween the responseprobabilities or correlation between
the binary responses.” In otherwords,wheneither ’i’ of
thei.i.d. assumptionis violated.
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With respectto systemevaluation,therehasbeensome
limited recognitionof theproblemswith thesrsassumption
asit relatesto contingency tables,McNemar’s test,andits
relatedχ2 statistics.Althoughthey do not explicitly recog-
nize the potentialto drift from srs, FeeldersandVerkooi-
jen [16]1, state“whetheror notconventionalsignificantlev-
els areappropriatein this kind of hypothesistest is debat-
able.” Salzberg [41] considersthebinomialtest“a relatively
weaktest that doesnot handlequantitative differencesbe-
tweenalgorithms,nor doesit handlemore than two algo-
rithms.” ReichandBarai [39] note that noneof their sur-
veyed techniques“include improvementssuchasstratified
methods.” Regardingthesimilar two-classconfusionmatri-
ces,James[22] statesthat“in practicethevalueof χ2 [is] of
little value.”

The recognitionof the effect of clustereddataon confi-
denceintervalsis notwidespreadoutsideof thesurvey sam-
pling literature. Kohavi [29] implicitly recognizesclusters
by noting the superiorityof stratified cross-validation, in
which approximateproportionsof the classlabelsarepre-
served.In hisstudy, stratifiedcross-validationoutperformed
traditional cross-validation in terms of bias and variance.
Kohavi notesthe 0.632 bootstrapestimator[12] had low
variance,but an “extremelylargebiason someproblems.”
In a morerecentpaper, JohnsonandKeevesexplicitly ac-
knowledgeKish, but in the field of educationalresearch
[24]. Thesimulationcommunityhasalsorecognizedthepo-
tentialbenefitsof recognizingstratification,althoughin [28]
it is usedprimarily asa variancereductiontechnique.

5.2. Traditional Evaluations
Although the drive towardssoundevaluationmethodsis a
fairly recenttrendin thecomputervision community, other
disciplineshavegivenexperimentaldesignandanalysiscon-
siderablymoreattention.Forexample,Toussaint’s1974sur-
vey, [45], includesover 185 citationsconcerningmisclas-
sificationrateestimation. Despitethis, andthe volumeof
contributionsmadesincethen,asrecentlyas1996,Feelders
andVerkooijen observe that “there is no consensusin the
researchcommunityon how a [performancecomparison]
study [should be] performedin a methodologicallysound
way.” [16]

As notedin therecentsurvey by ReichandBarai[39], the
machinelearningcommunityhasprimarily usedfour major
methodsfor evaluatingclassifierperformance— resubstitu-
tion, hold-out, cross-validation, andbootstrap.

The mostfundamentalproblemwith holdoutandcross-
validation is that if datais sharedbetweentrials, then the
trial resultsbecomeinterdependent([10], [14], [29], [41]).
Therefore,theunderlyingassumptionsof a varietyof statis-
tical testswill becomeviolated.Kohavi [29] givesaspecific

1[15] is thepreliminaryversionof [16].

examplewhereholdoutmethodsyield significantinaccura-
cies.

The papersby Beveridgeet. al., [1], [2] advocatea hy-
brid permutationandholdoutapproach.Their techniqueis
partly motivatedby their identificationof resamplingprob-
lemsthatareuniqueto evaluationsinvolving a largenumber
of classes,anda smallnumberof exemplarsor trainingdata
perclass.Althoughtheir discussionis specificto bootstrap,
it appliesto cross-validationandholdoutaswell. Instead
of simplerandomsubsampling,Beveridgeet.al. usea con-
strainedpermutationtechniqueto generatethetestandtrain-
ing setsfor holdout trials. In his thesis,Jensen[23] uses
similar randomizationmethodsfor the automatedevalua-
tion andtuningof classificationtrees.Beveridge’sbalanced
sampling, Jensen’sconditionalrandomizationandNoreen’s
stratifiedshuffling [36] areall variationsonthethemeof pre-
servingproblemconstraints.

Randomizationtests, however, are fundamentallydif-
ferent thantraditionalparametrictests,andeven bootstrap
basedtests.Noreen[36] observes

When randomizationis used,the null hypothesisis that the
dependentvariableis unrelatedto theexplanatoryvariable(s);
or, moreprecisely, all permutationsof thedependentvariable
relative to theexplanatoryvariableswereequallylikely. When
a conventionalparametricmethodis used,thenull hypothesis
is that the dataarea randomsamplefrom a populationwith
certainspecifiedcharacteristics.

This follows from the observation made by Cohen [7,
pp. 175–176], that randomizationdoesnot producesam-
pling distribution in the traditional sense. In fact, Cohen
andNoreenbothstatethatrandomizationtechniquesshould
not be usedwhendrawing an inferenceabouta population
parameter. Similarly, Efron andTibshirani[13] lament“the
standarddeviation of the permutationdistribution is not a
dependableestimateof standarderrorfor θ̂ (it is notindented
to be),while thebootstrapstandarddeviation is.”

In summary, we have seenthat standardtestsdegrade,
sometimesdrastically, whendepartingfrom eitherpostulate
of thei.i.d. assumption.Many textbookmethods,suchasbi-
nomial tests,McNemar’s test,andeventhewell-known re-
samplingmethodsjackknifeandbootstrap,however, require
i.i.d. data.If thereis correlationamongsubgroups,or, if the
performanceof theclassifiervariesbetweensubgroups,then
a methodthatspecificallyaddressestheresultingclustering
of thedatais needed.

6. Stratified Sampling
Webriefly review stratifiedsamplingandhow it maybeused
toestimateanexpectedvalue,or meanof apopulationstatis-
tic, denotedy.2 SupposethatgivenapopulationP of sizeN,
P is divided into L mutually exclusive subpopulations,or
strataof sizesN1, N2, ����� , NL.

2Thenotationanddefinitionsin thissectionarefrom [6].
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After thisdivision,or stratification, supposethatfor stra-
tum h of sizeNh, we draw nh samples.If n representsthe
totalnumberof samples,thenn � n1 ! n2 !�"�"�"#! nL. Specif-
ically, let y � h $ i � representtheith valuedrawn from stratumh.
If thestratumweight(of stratumh) is definedasWh � Nh � N
where∑L

h% 1Wh � 1, thenthestratifiedsamplingestimateof
thesamplemeanyst is

yst � L

∑
h% 1

Whyh � (1)

whereyh is thesamplemeanof stratumh, or

yh � � 1� nh � nh

∑
i % 1

y � h $ i � � (2)

Note,it canbeshown thatyst is anunbiasedestimatorof the
populationmean[47]. If, for all h, nh � n � Nh � N or nh � Nh �
n� N, thenyst simplifiesto thetraditionalsamplemean

y � � 1� n� L

∑
h% 1

nhyh � (3)

6.1. Conditions and Advantages
In orderfor stratifiedsamplingto besuccessful,two funda-
mentalrequirementsmustbemet. First, eachstratummust
be independent,but not necessarilyidentically distributed.
Stratifying our populationby classsatisfiesthis constraint
because,by definitionof theclassificationproblem,we ex-
pectthateachclassis its own, independent,anduniquedis-
tribution. Second,eachstratumshouldberelatively homo-
geneous.Thatis, thevarianceof samplesdrawn from within
thesamestratumshouldbe significantlylessthanthevari-
anceof samplesdrawn from multiple strata. This second
requirementmaybemoredifficult to fulfill, sinceit depends
highly upon the natureof the underlyingclasses.Classes
difficult to identify will yield an error distribution with a
wide variance. Regardless,our previous experimentation
hasreflectedCochran’s observation [6] that properappli-
cationof stratifiedmethodsrarely decreasesan estimator’s
accuracy.

Asidefrom handlingclustereddata,therearemany aux-
iliary benefitsto stratifiedsampling([6] and[31]). Firstand
mostimportantly, stratificationcanhelpensureconsistency
acrossexperiments.This is particularlyimportantin sensor
evaluation— if oursubcontextsaresufficientlywell-defined
andmaintainedacrossexperimentsthenwehelpcontrolthe
ability of scenechangesto confoundour results.

Second,stratificationmayhelpensurethatsmallsubpop-
ulationsareexplicitly included.This is particularlydifficult
to ensuregiven simple randomsampling— a large num-
berof samples,andthereforea largeamountof correspond-
ing groundtruth, is requiredto ensurethatunlikely classes

arecaptured.If thecollecteddatais not particularlyrepre-
sentative of a population,thenthe stratumweightsmaybe
adjustedaccordingly, makingsubsequentevaluationsmore
meaningful.

Finally, stratificationallows for weighting. Historically,
theseweightshave beenprimarily usedto take into account
the relative differencein populationsize. However, they
have also beenusedto accountfor cost, or “dif ficulty” in
obtainingasample,andin somecasesmaybeusedto deter-
minetheboundariesof thestratathemselves[6].

Onesignificantdisadvantageof traditionalstratifiedsam-
pling is the lack of definitive methodsfor obtainingcon-
fidenceintervals. In [6], a methodis provided that can
estimatethe stratifiedsamplingmeanestimator’s effective
degreesof freedom,however, it requiresthat eachof the
y � h $ i � arenormal.Whatwe require,therefore,is analternate
methodof obtainingthestratifiedsamplingestimates.

7. BalancedRepeatedReplication
In thissection,webriefly discussaspecifictypeof balanced
repeatedreplication, or BRR.3 As will beshown, BRR will
eventually allow us to draw confidenceintervals over our
estimatedstatistics,reducetheamountof requireddata,and
eliminatetheneedfor morethanonetraining.

It should be noted that BRR is not the only replicate
statisticstechniquedesignedfor stratifiedsamples.Thetwo
majorvariationson BRR areFay’smethod[25] andSitter’s
balancedorthogonalmulti-array basedBRR[44]. In addi-
tion, therearethebootstrapandjackknifevariantsbootstrap
repeatedreplicationandjackkniferepeatedreplication[17].
Out of all thesetechniques,BRR wasselectedbecauseit is
themostwell-studied;whetheranothermethodis preferable
remainsanopenquestion.

7.1. Full Half-Sampling
We usethe samenotationfrom Section6. Assumewe are
given L strataand nh � 2 units drawn from eachstratum.
Oftennh is referredto astheprimarysamplingunit or PSU.
Then, if y � h $ i � representsthe ith unit from stratumh, then
our datamay be decomposedinto two sets,oneconsisting
of all of the first samplesfrom eachstratum,y1 �&� y � 1 $ 1� ,
y � 2 $ 1� , ����� , y � L $ 1� � , and the secondcomposedof all of the
secondsamplesy2 �'� y � 1 $ 2� , y � 2 $ 2� , ����� , y � L $ 2� � . Let θ̂st rep-
resentsomeestimatorof a generallinear statisticapplied
over thepopulation.As shown in [40], [26], BRR mayalso
be appliedto a muchwider variety of statistics,including
ratios,correlationcoefficients[17], non-linearfunctionsof
populationtotals[46], andquartiles[43] aswell asany non-
linear function of subpopulationtotals [46]. However, for
simplicity, we limit our derivationshereto linearstatistics,

3BRR is not a new technique.Thematerialpresentedin this sectionis
adaptedfrom [6], [11], [31], [32], and[47]
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wherewe assumethat the weightsof the statistichave al-
readybeenabsorbedinto the variousstratumweights,Wh.
Let θ̂(st,y1) and θ̂(st,y2) representthe estimatorappliedover
the subsetsy1 and y2 respectively. If we were interested
in the populationmean,andeachstratumwasgiven equal
weight, thenfrom Section6, we know that an estimateof
the populationmeanis yst � �

y(st,1) ! y(st,2)� 2� . Unfortu-
nately, this estimatehasonly one degreeof freedom,and
asa consequence,lacksstability. Therefore,insteadof tra-
ditional stratifiedsampling,supposewe wereto generatea
synthetichalf-sample,or replicateby selectingavaluefrom
eithery1 or y2 for eachstratum.Having L strataanda PSU
of 2 implies that thereexist 2L suchhalf-samples.Givena
singlehalf-sampleα, we could apply our linear estimator,
yielding θ̂(st,α). Letting: δ � h $ 1 $ α � � 1 if y � h $ 1� � half-sample
α (0 otherwise),andδ � h $ 2 $ α � � 1 � δ � h $ 1 $ α � , thehalf-sampleα
estimateis

θ̂(st,α) � L

∑
h% 1

Wh
�
δ � h $ 1 $ α � y � h $ 1� ! δ � h $ 2 $ α � y � h $ 2� � (4)

whereWh representsan optional stratumweight. It fol-
lows that the replicatebasedsamplepopulationmeanmay
bewritten

θ̂(st,2L) � 1
2L

2L

∑
α % 1

θ̂(st,α) � (5)

Through simple algebraicmanipulation[47], it may be
shown that

θ̂(st,2L) � L

∑
h% 1

Wh
�
y � h $ 1� ! y � h $ 2� � � 2L ( 1 � 2L ��� θ̂st (6)

indicatingy(st,2L) is anunbiasedestimatorof thepopulation
mean.Wenow moveonto thesecondmomentestimate.Let
dh � y � h $ 1� � y � h $ 2� and

δ
� α �
h � )

1 if y � h $ 1� � half-sampleα� 1 if y � h $ 2� � half-sampleα � (7)

or, equivalently, δ
� α �
h � 2δ � h $ 1 $ α � � 1. Then,*

θ̂(st,α) � θ̂st+ � L

∑
h% 1

Whδ
� α �
h dh � 2 � (8)

The 2L replicatebasedvarianceestimatev � 2L � � θ̂st � equals*
θ̂(st,α) � θ̂st+ 2 or

L

∑
h% 1

W2
h d2

h � 4 ! L

∑
h , h- δ � α �h δ

� α �
h- WhWh- dhdh- � 2 (9)

wherethesecondsummationis overall pairsof
�
h � h.
� such

that h / h.0� L. Unfortunately, even for moderatevalues

of L, Equation9 requiresa large numberof computations.
Generatinghalf-samplesfor an evaluation involving hun-
dredsof stratum,therefore,becomesintractable. Onepo-
tentialspeedupis to usesomerandom,k-elementsubsetof
the2L half-samples.Thecorrespondingvarianceestimator
becomes

vk
�
θ̂st �1� 1

k
�
nh � 1� k

∑
α % 1

�
θ̂(st,α) � θ̂st� 2 (10)

Unfortunately, usingsimply randomsubsetsyieldsa biased
estimator. Thegoal,therefore,is to selecta subsetsuchthat
v � k� � yst �1� v

�
yst � .

7.2. BalancedHalf-Sampling
This brings us (finally) to the conceptof balancedhalf-
samplingor moregenerally, balancedrepeatedreplication
(oftenabbreviatedBRR). In balancedhalf-sampling,wese-
lectasetof k replicates,suchthatk / 2L (typically, k 2 2L),
andv � k� � yst � is unbiased.This canbe accomplishedif, for
all h / h.3� L [32],

k

∑
α % 1

δ
� α �
h δ

� α �
h- � 0 � (11)

If this criterionis met,thenthehalf-samplesareconsidered
to be balanced, sinceall cross-stratumtermswill cancel.
Thus,v � k� � yst�4� v

�
yst� .

Since,for eachof thek replicateswemustchooseasam-
ple from eachof theh stratum,a naturalrepresentationfor
thissetis ak 5 h array, whichwedenoteB. Notethatthisar-
raydoesnotappeardirectly in Equation(10); it is usedonly
to build thecollectionof half samples.If B � α $ h� is ! 1, then
elementy � h $ 1� shouldbeincludedin replicateα. Otherwise,� 1 indicateselementy � h $ 2� shouldbein theαth half-sample.
For example,if weabbreviate ! 1 and � 1 with ! and � re-
spectively, thenthe following 8 5 7 orthogonalarraycould
beusedfor eightreplicatesbasedonsevenstratum.

B �76889
:;: ( : (<(;(: ( : (;(<( :( : (=(;( :;:: (;(=( :<: ((;(;( :;: ( :(;( :=: ( : (( :;: ( : (;(:;:;:=:;:<:;:

>@??A (12)

For example,the3rd half sample,constructedfrom the3rd
row of B is

α3 �B� y � 1 $ 2� � y � 2 $ 1� � y � 3 $ 2� � y � 4 $ 2� � y � 5 $ 2� � y � 6 $ 1� � y � 7 $ 2� � � (13)

However, whenusingbalancedreplicates

θ̂
� k�
st � 1

k

k

∑
α % 1

θ̂(st,α) (14)
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doesC not imply thatthemeanof thehalf-sampleŝθ
� k�
st equals

θ̂st. In orderto havethisdesirableproperty, for each1 / h �
L,

k

∑
α % 1

B � α $ h� � 0 (15)

mustbe true. This makessenseintuitively, sincethis equa-
tion simplystatesthateachsamplemustbeselectedanequal
numberof times. Half-samplessatisfying both Equation
(11) andEquation(15) aresaidto be in full balance[47].
Notethat this orthogonalarraycouldbeusedfor any num-
berof stratumL DE/ L sinceevery collectionof L D rows are
mutuallyorthogonal.

Whatis thepropervaluefor k? Obviously, we desirea k
largeenoughto provideareasonableestimate,smallenough
to be tractable,and sufficient for balancing. Both Wolter
[47] andGurney & Jewett [20] suggesta constructionorig-
inally from [38]: use2β replicateswhereβ satisfiesthe in-
equalityL � � 2β � 1� . For example,givenL � 483,then512
replicates(β � 9) suffice(Certainly, 512 2 2483.)

7.3. GeneralBRR
So far, we have concentratedon the limiting caseof two
samplesper stratum. As shown in [20] and[47], the BRR
paradigmcanbe extendedto any casewherethe PSUis a
prime integer. Givenn samplesper stratumeachreplicate,
or n( 1-samplecontainsa singleelementfrom eachstratum,
we redefineδ � h $ 1 $ α � � 1 with respectto 1 / i / n. That is,
δ � h $ i $ α � � 1 if sampley � h $ i � � replicateα andδ � h $ i $ α � � 0, oth-
erwise.Extendingthedefinitionof Equation(4) in thesame
fashionyields

θ̂st � L

∑
h% 1

Wh
�
δ � h $ 1 $ α � y � h $ 1� !F"�"�"�! δ � h $ n $ α � y � h $ n� � (16)

Accordingto [47], just asin thehalf-samplecase,we could
useall nL replicatesto build the“textbook” equivalentpop-
ulationmeanestimate

θ̂(st,nL) � nL

∑
α % 1

θ̂(st,α) � nL � θ̂st (17)

andvarianceestimate

v � nL � � θ̂st �4� 1
nL
�
n � 1� nL

∑
α % 1

�
θ̂(st,α) � θ̂st� 2 � v

�
θ̂st � � (18)

Again, we needanorthogonalarray, B, for constructionof
thek replicates.We usenβ replicates,whereβ satisfiesthe
inequalityL � � nβ � 1e� . For example,givenL � 256strata
andn � 3 PSU,we will use729replicatessinceL � 256 /�
36 � 1� . In theappendix,it isshownhow toconstructalarge

varietyof orthogonalarraysthatcanbeusedtoconstructsets
of fully balancedreplicates.

Statistically, using a larger numberof PSU can have a
significantadvantage(asdemonstratedlater). Usually, the
leading1� � nh � 1� termin Equation(10)helpsyield smaller
variance,andtherefore,tighterconfidenceintervals.Thede-
greeto whichthisoccurs,of course,variesaccordingto both
thenatureof theestimator, theunderlyingdistributionsand
thesamples.

For both the PSU � 2 and PSU � 2 case,an orthogo-
nal array is requiredfor the selectionof a setof balanced
half-samples.Althoughorthogonalarrayscanbetediousto
generateby hand,thereare two viable alternatives. First,
thereexist anumberof Internetresourceswith freegalleries
of orthogonalarrays. Even if a desirableorthogonalarray
is missingfrom a gallery, a mathematicalsoftwarepackage
thatsupportsGaloisFieldsmaybeused.Maplesourcecode
thatmaybeusedto generateanarbitrarily largeorthogonal
arrayis providedin AppendixB.

7.4. ConfidenceInter vals
To the bestof the authors’knowledge,[17] is the earliest
work to discuss,in detail, the useof BRR for the applica-
tion of confidenceintervals. Frankel statesthat “the dis-
tribution of the ratio of the first-ordersampleestimatemi-
nusits expectedvalue,to its estimatedstandarderroris rea-
sonablyapproximatedby Student’s-t within symmetricin-
tervals.” In otherwords,thenormalizeddistribution of the
statisticsof theBRR estimatescanbeapproximatedby the
Student-t distribution whenusingtwo-sidedconfidencein-
tervals. Frankel shows, empirically, that by using L (the
numberof strata)degreesof freedom,d, makesthisassump-
tion quitereasonable.Anotherimportantempiricalstudyby
Kish andFrankel [27], to paraphrase[30], “found the t ap-
proximationto beadequatefor confidenceintervalsfor ava-
riety of populationparameterswith asfew as6 or 12strata.”

In 1981,KrewskiandRao[30] providedananalyticproof
that the normalizeddistribution of the first-orderBRR es-
timatesapproachesa normaldistribution asthe numberof
stratagoesto infinity. A later paperby RustandRao[40]
suggestthat thetruevalueof d is “somewhatsmaller” than
the numberof strata. However, in practice,given a large
enoughnumberof strata,even a large differencebetween
thetrueandestimatedvaluesof d doesnot significantlyal-
ter theconfidenceinterval. This lastpropertyis oneof the
reasonswhy the methodologyis well suitedfor evaluation
of systemswith a largenumberof classes.

8. Conclusionsand FutureWork
In thispaper, weintroducedSTRAT, amethodologyfor clas-
sifierevaluation.STRAT is flexible enoughto handlea wide
variety of statistics,efficient enoughfor practicaluse,and
basedonsoundstratificationprinciples.In addition,wedis-
cussednot only thecriteria thatguidedthedevelopmentof
STRAT, but also discussedthe consequencesof departing
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from theserequirements.The life of STRAT asan evalu-
ationmethodologyis merelybeginning. Currently, STRAT

is basedon BRR,a replicatestatisticsmethodthatdoesnot
requirethe i.i.d. assumptionthat limits the applicability of
othertechniquesto empiricalclassifierevaluation.

In thefuture,we hopeto investigatehow STRAT maybe
extendedto othercomputervision systems.We have begun
investigatinghow STRAT canbeusedfor sensorevaluation.
This is a particularlychallengingdomainsince,unlike al-
gorithm evaluation,one can no longer guaranteeidentical
inputs. We alsohopeto performa meta-evaluation,to find
someof the practicalstrengthsandweaknessof STRAT as
comparedto otherexistingmethodologies.

A. Orthogonal Arrays
This appendixis concernedwith the definition andfunda-
mentalsof orthogonalarrays.Sothatorthogonalarraysare
notconfusedwith thesimilarlynamedconceptof orthogonal
matrices,we usetheterm“array” in placeswhere“matrix”
mayotherwisebepreferred.Theprecisedefinitionof anor-
thogonalarrayvariesacrossdifferentliterature,althoughits
spirit (usually)remainsintact.

We begin with a formal definition of an orthogonalar-
ray. Let S representsomefinite set of n symbols,S �� s1 � s2 ��������� sn � . Let A representsomem 5 n arraycomposed
of symbolsof S, i.e.

a � i $ j � � S�HG � 1 � i � m and1 � j � n� � (19)

Let a �
I $ j � representthe jth columnof array A. Given two
columnsof A, a �@I $ q� anda �
I $ r � (1 � q � r � n, q �� r), if each
orderedpair

�
aiq � air � , for all (1 � i � m), appearseitherzero

or the samenumber(usually, but not necessarily, m� 2 �S� ),
thenA is anorthogonalarray. For example,Equation(12)is
anorthogonalarray, sincefor any two columns,theordered
pairs

� !J�#! � , � !J� �K� , � � �#! � , � � � �K� eachappearthe same
numberof times(twice, in theabovearray).

Thefollowing orthogonalarrayhasspecialsignificance

H2 �ML ( ::;:ON (20)

It follows that H2 is indeedorthogonalsince the ordered
pairs

� � 1 � 1� and
�
1 � 1� eachappearonce,andall otheror-

deredpairs,only
�
1 � � 1� and

� � 1 � � 1� in this case,appear
zerotimes.

Thematrix H2 canbeusedto generate(some,but not all
of the)elementsof thesetof Hadamard matrices, whichare
a specialsubsetof orthogonalarrays.If anorthogonalarray
A is squareandhasthesymbolsetS �P�Q� 1 � 1 � , thenA is a
Hadamardmatrix.

Hadamardmatricesarequiteeasyto construct,sincethey
canbedefinedrecursively. That is, givenHadamardmatrix
Hn, then

Hn2 �SR Hn Hn( Hn Hn T (21)

is alsoa Hadamardmatrix. It is trivial to seethat if H is a
Hadamardmatrix, then � H is aswell.

As discussedin AppendixB, constructionof generalor-
thogonalarraysis moredifficult, but quite tractable,never-
theless.Regardlessof how they arederived,however, once
they areconstructed,orthogonalarrayscanbereusedacross
a largenumberof experiments.

B. GaloisFields
In thisappendix,we review thedefinitionof GaloisFields,4

their properties,andgenerationwithin a replicatestatistics
context. The materialpresentedin this sectionis adapted
from [20]. Althoughit maybesomewhatnon-standard,the
notationusedin thissectionis designedfor clarity.

B.1. Definition
Simply put,a GaloisField is a specialfield of polynomials.
SupposewearegivenasetP of atmostdegreen polynomi-
alswith integercoefficientsof atmostp, wherep � 0 andp
is prime.Polynomialadditionandmultiplicationaredefined
in theusualmanner, exceptthateachof thecoefficientsc of
the resultof the operationarereducedto c mod p. In this
appendix,wewill usecoefmodto denotethisoperation.For
example, U@V

2x3 W x2 W xX W V 2x3 W 2x2 W 1X	Y coefmod3Z V
4x3 W 3x2 W x W 1X coefmod3Z x3 W x W 1

(22)

or U V
x2 W 2x W 1X V x W 1X Y coefmod3Z V

x3 W 3x2 W 3x W 1X coefmod3Z x3 W x

(23)

We definea polynomialq asQ-irreducibleif, for q � Q, q
cannotbeexpressedasa productof two polynomialsq � rs
whereneitherq nor s is 1 andboth r � Q ands � Q. Let g
representaP-irreduciblepolynomialwhereP is asdefinedin
thepreviousparagraph.Then,thesetP modulothepolyno-
mial g formsa GaloisField of pn elements.In otherwords,
if coefmoded multiplication operationyields a polynomial
of degreep or greater, thenthe resultshouldbedividedby
g, andreplacedwith theremainderof this division. For ex-
ample,givenn � 5 andp � 3,

x5 mod

V
x5 W 2x W 1X coefmod3Z V

x5 W 2x W 1X W V x W 2X mod

V
x5 W 2x W 1X coefmod3Z V

x W 2X coefmod3Z x W 2

(24)

Wenow requireaprocessthancanbeusedto systematically
generatetheelementsof a GaloisField.

4Accordingto theonlineversionof Merriam-Webster’s CollegiateDic-
tionary(http://m- w.com/ ) fields,Galoisis pronounced“gal-wä”
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x4 x3 x2 x1 1
g1 coefmod3 mod g [ 2x4 \ 2x3 \ 2 2 2 0 0 2
g2 coefmod3 mod g [ 2x4 \ x3 \ 2 2 1 0 0 2
g3 coefmod3 mod g [ x4 \ 2x3 \ 2x \ 2 1 2 2 0 2

.

.

.
g241 coefmod3 mod g [ 2x4 \ 2x3 \ x2 \ x \ 1 2 2 1 1 1
g242 coefmod3 mod g [ 1 0 0 0 0 1

Figure1: GaloisFields can be generatedfrom successive
powersof thegeneratingelementg.

B.2. Generation

If g is a P-irreduciblepolynomial,g
� pn ( 1� � 1, andg �� 1,

thena GaloisField over P, denotedGF
�
pn � canbe gener-

atedby taking successive powersof g, andperformingthe
appropriatemod andcoefmodoperations.Thepolynomial
g is often referredto as a primitive root or generating el-
ement. Considerthe generationof GF(35) (i.e., p � 3 and
n � 5) givengeneratingelementg � �

2x4 ! 2x3 ! 2� . Note
thattheremaybemany generatingelementsfor a particular
GaloisField. For instanceg � �

x ! 1� is alsoa generating
elementof GF(35).

The most difficult part of Galois Field generationis
the selectionof the generatingpolynomial g. This can
be donewith a processsuchas the one describedin [21,
pp.156–158].Fortunately, themathematicalsoftwarepack-
ageMaple containsfacilities. Thecodesnippetfoundin
Figure2 canbeusedto generatefull GaloisFieldsandsave
it to afile.

B.3. Orthogonal Array Generation

GivenaGaloisField in theaboveform, wemaygeneratean
orthogonalarrayof, at largest,size pn 5 � pn � 1� . Choose
any columnof theGaloisField arrayandmake this thefirst
columnof the orthogonalarray, with the exceptionof the
bottommostelementwhich shouldbe set to zero. Succes-
sive columnsof thematrix canbegeneratedby rotatingthe
elementsof thepreviouscolumnwith (again)theexception
of thebottommostelement.Assumingm� i $ j � representsthe
elementat row i, column j of matrixM, then

m� i $ j : 1� � m� i : 1 $ j � if i / pn � 1 �
m� i $ j : 1� � m� 1 $ j � if i � pn � 1 �

m� i $ j � � 0 otherwise� (25)

gen_matrix := proc (modulo, degrees)
local G, prim, tmp, i, j, fname;
fname := ‘GF-‘ . modulo . ‘-‘ . degrees . ‘.dat‘;
writeto(fname);
printf(‘GF(%gˆ%g), ‘, modulo, degrees);
G := GF(modulo, degrees);
prim := G[PrimitiveElement](‘?‘);
printf(‘generator = %s\n‘, \

convert(subs(‘?‘=a,G[ConvertOut](prim)),string));
for i from 1 by 1 to G[size] - 1 do

tmp := G[ConvertOut](G[‘ˆ‘](prim,i));
printf(‘%4g ‘, i);
for j from 0 by 1 to degrees-1 do

printf(‘%g ‘, coeff(tmp, ‘?‘, j));
od;

printf(‘\n‘);
od;

Figure 2: Maple (Version5 Release3) sourcecodefor
GaloisField generation.Note that successive runsof this
functiongiventhesameparametersmayresultin different,
but isomorphic,fields.

Basedon theserulesof construction,the following is one
potentialorthogonalmatrixgeneratedfrom GF(33).

6888888888888888888888889

0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1
2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0
1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2
1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1
2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1
1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2
0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1
1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0
0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1
0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0
2 2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0
2 2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2
2 0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2
0 1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2
1 2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0
2 2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1
2 1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2
1 2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2
2 0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1
0 2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2
2 0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0
0 0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2
0 1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0
1 1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0
1 1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1
1 0 2 1 1 2 1 0 1 0 0 2 2 2 0 1 2 2 1 2 0 2 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

> ???????????????????????A
(26)

TheMaple codeshown in Figure2 generatesthefirst col-
umnof anorthogonalmatrix. Theoutputis commadelim-
itedsothatit maybeincludedin C headerfiles.
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