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Abstract

In this companionpaper we formally introduceSTRAT, a

stratification centric methodolgy for the empirical evalu-

ation of classificationsystems.The motivatingcriteria for

STRAT'sdevelopmenare discussedaswell asthepotential
consequencexf departingfromsomecommorstatisticalas-

sumptionsmadewhenapplying more traditional methods.
STRAT usesan establishedreplicate statistical technique
calledbalancedrepeatedeplication,or BRR that doesnot

requirethei.i.d. assumptiomeededor bootstapping jack-

knifing, or binomialtechniques.

1. Intr oduction

STRAT is a stratified, efficient, flexible, sampling de-

sign aware methodologyfor the empirical evaluation of

classificationand recognitionsystems. STRAT, which is

shortfor both stratification and “ Stratified Techniquedor

RecognizeAssessmerdndTesting, hasbeenusedby the

authorsfor a variety of classifierevaluations.STRAT’s pre-

liminary conceptswereintroducedin [34]. In [4], it was
usedto determineif supefresolutiontechniquesouldim-

prove facerecognitionrate. An abbreviated (andunnamed)
form of themethodologywasfirst publishedn [35] whereit

wasshowvn how STRAT couldbe usedto augmenthewell-

known FERETfacerecognitionalgorithmevaluation[37].

This paperhastwo main objectves. First, for the first
time, we formally introducea completeversionof STRAT
with enoughdetail for implementation.Secondthis paper
is to sene asa positionpaperandto stimulatediscussions
of issueghatarefacedduringanevaluationof classification
systems. As will be showvn, mary of the choicesmadein
classifierevaluationaresubtle,surprisinglycomple, andin
somecaseshave dramaticconsequences.

This paperis organizedasfollows. In the next section,
Section2, weintroduceSTRAT's samplingandmodelview-
points,aswell assomenomenclaturghat we usethrough-
out the paper In Section3, we discussthe fundamental
criterion that helpedshapethe STRAT methodology Sec-
tion 4 discussethetiesbetweerclassificatiorandclustered
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data. Section5 is a surney of samplingissuesand more
traditional evaluations,and the consequencesf departing
from somecommonstatisticalassumptions Section6 is a
shortreview of stratifiedsampling. This leadsto Section?,
wherewe summarizethe stratifiedreplicatestatisticaltech-
niqueknown asbalancedepeatedeplication,or BRR. Af-
tertheconclusionin Section8, thereis a brief review of the
backgroundrequiredto implementBRR — orthogonalar-
raysin AppendixA and GaloisFieldsin AppendixB. The
bibliographycloseshe paper

2. Sampling, Models,and Terminology

In this section,we briefly definea more formal terminol-
ogy andsystemmodelfor usein this paper For the sale of

clarity, andto separaté&TRAT from theconnotationgarried
from moretraditionalmethodswewill sometimesgntroduce
someterminologythatmayalreadyhave well-known defini-

tions experimentaldesignor otherfields. Also, sincemost
of our previousresearcthasbeenon facerecognitionevalu-

ation, our exampleswill be gearedowardsthis area.How-

ever, STRAT is flexible enoughfor a muchwider variety of

systemsWe begin with anoverview of classifierevaluation
andsystems.

2.1. Classifier Evaluation
Classifierevaluationmay be viewed as a variety of sam-
plings,eachperformedattheirown layerof abstractionwith
perhapsdiffering methods. The samplingdesign a term
from the statisticalliterature[6], [31], indicatesthe method
by which the obsenationsaremade.We usethe term sam-
pling level to referto the “stage”in which the samplingoc-
curs.In this paperwe distinguishbetweerfour differentde-
signssimplerandom stratified, clusterandsystematicam-
pling and four samplinglevels population systemmode|
andanalysis

Note thatthereis the unfortunatepotentialfor the word
“population” to connotea groupof individuals,asopposed
to the more generaldefinition [6] — “the aggreyateof in-
terest. Throughoutthe remainderof the paper it should
be keptin mind thatthetermpopulationis usedto describe



theentirecollectionof potentialobsenations.For example,
in facerecognition,our useof thetermpopulationrefersto
imagesof people hotthe peoplethemseles.

At eachsamplingstagethereis a method,the sampling
design thatdictateshow our obsenationsaremade.In sim-
ple randomsamplingor srs, obsenationsare madeby se-
lectingunitswhereevery unit hasan equalchanceof being
drawn [6]. In stratified sampling abbreviatedst, the pop-
ulationis dividedinto smaller non-overlappingsubpopula-
tions, or strata. If srsis performedwithin eachstratum,
thenthe obsenationswerecollectedvia stratifiedsampling.
In cluster sampling eachsamplingunit itself consistsof
a group of smallerunits, or sulunits wherethe sulunits
arethe elementsof interest. Whenobsenationsare made
via regularor deterministianechanismgexcludingpseudo-
randommethodspnehasperformedsystematicampling

2.1.1 Population Level Sampling

Traditionally, samplingrefersto the selectionof unitsto ob-
sene from alargerpopulation We referto the stageduring
which the original datais obtainedasthe populationlevel
sampling.For example,the choiceof individuals(classes),
lighting, pose ,sensoparametersandsoon, areall madeat
this populationlevel. If the datais synthetic,the choiceof
simulationparametersvould be includedin the population
level sampling.

2.1.2 SystemLevel Sampling

In mostsystemshereexists a setof parameterssomedis-
creteandothercontinuousthat steerthe classifiers beha-
ior. In facerecognitionsystemsthis may include thresh-
oldsfor the minimum allowable proximity to an exemplar
facesizenormalizatiorparametersjumberof Eigervectors,
andsoon. In aPrincipalComponenfAnalysis(PCA) based
system,the choiceamongdifferentnorms(i.e., L1, Ly, or
Mahanalobiglistance)may alsobe considerech parameter
choice.Obviously, it is impracticalto runthe classifierover
every permutatiorof systemparametersThereforethepar
ticular selectionof algorithmandsensomparametersisedin
an evaluationis itself a samplingat the systenlevel. Typ-
ically, systemparametersre selectedvia systematicsam-

pling.

2.1.3 Model Level Sampling

Becausemostclassifiersrequirean explicit training phase,
we considerthe selectionof training and/orexemplarsas
part of the modellevel sampling. Often, systemtraining
may be further divided into multiple statesasthereis both
initial anditerative or updatetraining. The initial training
refersto the systemtrainingthatwould be performedonce,
and“global” to the experimentperformed.Theiterative or

updatetraining refersto trainingthatis specificto a single
experimentor trial.

To illustrate,consideronevariationof a PCA basedace
recognitionsystem. Startingwith a collectionof faceim-
agery onecould collecta setof “generic” bases.Thenfor
a particularsetof facesto identify, eachexemplarwould be
projectedontothegenerichasescreatingthegallery, or col-
lection of peopleto be identified. Eachinputimageof an
unknaown subjectwould be comparedo the galleryvia pro-
jectionontothe samesetof basesin this example thegen-
erationof thebasesvould be consideredheinitial training,
andthe updatetraining would consistof the projectionof
eachgalleryimage.This hasthe advantageof not requiring
explicit retrainingwhennew exemplarsareadded However,
sinceinformationinherentto the classeso bediscriminated
arenotabsorbednto PCAbasisthereis the potentialfor the
classifierto loseclassificatioraccurag. If the PCA hasno
initial trainingphasej.e. consistingof updatetrainingonly,
it doesnot suffer from this potentialinformationloss, but
mustretrainfor every new gallery. Having a globaltraining
may be particularlydisadwantageouso LinearDiscriminant
Analysis, or LDA, methods sincethey may be more sen-
sitive to differencesn training. However, more empirical
evidenceis requiredto supporthis claim. Althoughit is not
explicitly statedn theirresearchthe FERETtests([37] and
[3]) andtheevaluationsof Beveridgeet. al. ([2] and[1]) use
both initial and iterative training during model level sam-

pling.

2.1.4 AnalysisLevel Sampling

Finally, atthe analysislevel of samplingthereis the review
of the dataandthe synthesif conclusions.Regardlessof
the metric, given a large numberof probestatisticsd, we
ultimatelydesire:

¢ anunbiasedestimatorof the expectedvalue of 8 over
all theclassesepresenteth theimages

e an unbiasedestimatorof the standarderror, v(8) or
varianceof 8, and

¢ the ability to state,with probabilisticconfidencethe
rangeof valuesof 6 for usein hypothesigesting.

Considerthe potentialvolume of datarequiredfor such
an estimate. Supposeour goal is to estimatethe expected
value of somelinear statisticdefinedover the population.
Givena probesetof the population,we could obtaina sin-
gle statistic,but this canprovide neitherstandarcerror nor
a confidenceinterval. Supposehowever, thatinsteadof a
singleprobeset, it is possibleto obtaina setP of multiple
probes,denotedasP. More formally, P = {P,P,,...,Pp}
wherel(pi;) = £(py;), pi; is the jthimageof probeseti, and
i, j, k assumeheir obviousandreasonablealues.Then,it



would bepossibleto collectmultiple estimatespnefor each
probeset. Given enoughprobesets,the distribution of the
statisticcould be estimatecbr, for somestatistics,the cen-
tral limit theoremcouldbeinvoked. Unfortunatelythe data
requirementdo get sucha measuremerdre non-trivial —
thirty to fifty images(at minimum) per subjectmay be re-
quired. Let usnotlosesightof thefactthatobtainingjusta
singleestimatamayitself be a difficult andtime-consuming
process,particularly if comple< ground-truthis required.
We alsoneeda methodologythatallows standarcerrorand
confidencantenals estimationfrom a minimal amountof
data. In Section5.2., we discussmary of the traditional
techniquesppliedatthis analysidevel.

As just illustrated, one of the fundamentaldifficulties
facedin classifierevaluationis the difficulty of acquiring
sufficient data— systemevaluationcanbe an enormously
time consumingtedious,anddifficult process.

2.2 SystemTerminology

Let us briefly returnto defining terminology A sceneis
definedas someboundedspaceandtime containingsome
objectsor phenomenorthat an experimentemwishesto in-
vestigate Within this scends somesetof characteristicr
propertiesof interest. Thesepropertiesake on someideal
states— their “true” valuescanonly be estimatedhrough
measuementor imaging by a sensorand/orsomealgorith-
mic processing.Let a contet represent set of potential
scenegoupledwith asetof constraintshatanexperimenter
attemptdo enforceon thatscene A singleexperimentcon-
strainsthe contet to a subcontgt, a specificsetof param-
etersand constraints. An experiment,however, may con-
sistof mary trials, duringwhich the sceneundegoessome
changeln thedomainof evaluationacontect canbeviewed
asputting boundson the genericitythatwill be usedin the
performancevaluation.

Within a contet, there are both explicit and implicit
properties.We considerarny propertyover which anexper
imenter exercisesdirect control, an explicit property All
otherpropertiesareimplicit. Typically, mostexperimenters
try to vary thefactorsof interestwhile controllingthe vari-
ationin the otherconstraintswhich mustbe accountedor.
It is only in this mannerthatonecandraw correspondences
betweerparticularvariationsin inputto variationsn output.
Naturally therearealwaysa muchlargernumberof implicit
propertieghanexplicit ones.Onehopegshatthevastmajor
ity of theseimplicit propertieshave negligible effect on the
outcomeof the experiments. Unfortunatelyfor all experi-
mentersthisis notalwaysthecase.

Assumeour contet definesa setW consistingof L non-
overlappingclasse®f interestorWy, W, ..., W.. LetSbhea
setof imageswhereeachimages € Shelonggo someclass
W. Let#(S) representhenumberof imagesn Sbelonging
to classW. Then,we call setsS; andS, equallyrepresen-

tativeiff #(S1) = #(S) for all 1 < i < L andthe unionof
S andS; is empty Further we definea setSasfully repre-
sentativewith respecto W iff eachclasscorrespondso at
leastoneimagein S, i.e.,#(S) > 0forall 1 <i<L. Finally,
we call a setuniquelyrepresentativeff thereis at mostone
imagein Sbelongingto eachclassin W, i.e., #(S) < 1 for
all 1 <i < L. It followsthata setSwith oneimageperclass
from classw is bothfully anduniquelyrepresentatie.

A classifiercanbe consideredan algorithme that, given
aninput (image)x, returnsa classlabeli indicatingthatx
W. With ahumanin theloop,acommonpracticeis to relax
the definition, outputtinga setof candidatesorresponding
to thetop n potentiallabels.

Letthesetof imagesG represenatraining setor gallery.
Let P beasetof unknowns,(alsoreferredto asprobesor test
data) thatneedclassification For simplicity, we assumehat
G andP arefully anduniquelyrepresentatie. This greatly
simplifiesour discussiorandallows usto substituteG for P
asthetraining setwithout concerningourseheswith addi-
tional normalizationissues.(We returnto the consequences
of swappingthe training andtestdatalater) Most classi-
fiers,givena trainingimageg € G andprobeimagep € P,
cancomputesomeboundedsimilarity metric sy(g, p) indi-
cating the proximity, or degreeto which p belongsin the
classcorrespondingo g.

As mentionedpreviously, given aninput p, a classifier
emitsa labeli indicatingthe mostlikely classW to which
the input belongs. Typically, this is simply the label of the
gallery elementg that producedhe highestor lowestsimi-
larity scoresy(g, pi). In thecasewheremary candidatesire
emitted, the labelsmay correspondo the top n similarity
scores.

Let g; represent galleryimageof classW, andlet £(x)
representhelabelfor imagex'strueclass.Givenaprobep,
a vectorof similarity scoress(g, p) canbe calculatedrom
all imagesg € G. Sorting the similarity vector and find-
ing thecorrectclass’respectie positionalongit determines
theprobesrank Specifically a probehasarankof n over
gallerysetG if in the similarity vector thereexist exactly n
scoregyreatetthanor equalto s(gy(p), p). For normalization
amongevaluationswith differentnumberof subjectsgiven
arankr andmuniquelyrepresentatie probeswe definethe
relativerank R asR = r/m. Note that evaluationswith a
greatemumberof probesenjoy alower “best” possiblerel-
ative rank.

With thesystenterminologybehindus,we cannow con-
tinue on to more interestingissues,suchasthe principles
thathave guidedSTRAT's development.



3. Guiding Principles

Thereare threefundamentalkriteria that have steeredthe
developmentof this new methodology In this section,we
will briefly presenthe criteriahere,andwill supportthem
throughoutheremaindeiof the paper

U

CRITERION 1 Make minimalstatisticalassumptions
wheneer possible

Naturally, as we decreaseghe numberand severity of an
evaluationmethodologys statisticalrequirementsthe more
flexible it becomes.Therefore wheneer possible the au-
thors adwcatethe use of methodsthat make assumptions
that are eitherminimal or are well justified— evenif this
meanssacrificingsomestatisticalefficiency.

CRITERION 2 Beableto accountfor clustes.

Unfortunatelydisregardingeithernaturalor experimentally
inducedclusteringof datacan have seriousconsequences.
Often, disregardingclustersoccursunexpectedly For ex-
ample,if it is assumedhattheinput datawascollectedvia
srs, andthatclassifieroutputsareuncorrelatedthenonehas
madethe strongimplicit statisticalassumptiorthatthe clas-
sifier performsawhiteningover naturalclustersin theinput
data. Later, we will shav a specificexampleof the differ-
encein the conclusiongnadewith andwithout recognizing
clusterednputs.

CRITERION 3 Use the proper estimatos given the
samplingdesign.

A key contribution of thesuney samplingcommunityis the
theoreticaland empirical drive towardsthe use of estima-
torsthatproperlyreflectcomplex samplingdesignsThatis,
givena sampleknowingly obtainedby a certaindesign,an
appropriatelyadjustedestimatorshouldbe applied. Other
wise, asthe sampledepartsfrom an estimators underlying
assumptionsghereis anincreaseathanceof obtaininginac-
curateresults.

For illustration, considerthe following overly simplistic
example.Givena small population,samplingwith replace-
mentfrom an urn with a binary outcomeis bestmodeled
with thebinomialdistribution. If however, we sampledvith-
out replacementa hypegeometricdistribution would be a
betterchoice. Lik ewise, we would not expectto be ableto
usethe sameestimatorfor both srs and st and obtainthe
sameresults.

4. Classificationand Clustered Data

Criterion 2 statesthat our evaluationmethodologyshould
take clustereddatainto account.This is becauselassifica-
tion systemareinextricablefrom theclusteringof data.The

very conceptof classificatiormassumeshatdifferentclasses
have their own uniquedistribution, andthat sampleswithin
a classsharesomedegreeof homogeneity— i.e., thereare
consistenfeaturesof an input, that whenaccuratelymea-
sured, allow correctlabeling. Without the clusteringas-
sumptionsthereis little merit to the classificatiornproblem
itself. To illustrate,considerthe problemof humanidenti-
ficationvia facialimagery Certainly we expectimagesof
the samepersonto have somedegreeof homogeneityit is
this very consisteng that allows usto distinguishoneface
from anotherIn fact,theauthorsexpectclusterediatato be
presenin ary biometricevaluation.

Given a featurevector, a classifierreturnsa label corre-
spondingo themostlikely classto whichtheinputbelongs.
Given a set of samplesfrom a single class,running each
input througha classifierdefinesan empirical distribution
overthesetof classabels. This distribution, which summa-
rizesthis class’behaior conditionedon the algorithmand
trainingset,is, for the purpose®f evaluation furthertrans-
formedinto someerrordistribution, indicatingsomedegree
of “correctness™for a given class— one of the simplest
transformss simply thefractionof correctlabels. Unfortu-
nately sincewe cannotexpectthateachclassproduceghe
samedistribution of labels,we alsocannotexpectthateach
classproduceghe sameerror distribution. Therefore given
a setof sampledrom multiple classesthis final, conglom-
erateerrordistribution may be composeaf mary modesor
clusters(numberingat mostthe numberof classes)On the
subjectof clustersKish [26] states:

The individualsin [clusters]tendto resembleeachother—
thereis usually somehomaeneity of characteristicsof atti-
tudes,of behaior — but homogeneityis generallynot com-
plete[.] Becauseof this homogeneitythe useof theseclus-
tersfor samplingunits hasdefinite consequencest destrys
theindependencef thecharacteristicef thesampleslements.
Thecorrespondenceith the“well-mixedurn; inherentin the
assumptiorof independencés neggated;andformulasthatde-
pendon thatassumptioriail to apply
Let us examinethis clusteringmore formally. Given a
probep;, andanelemenf classW, we obtain,at different
systemlayers,eithera setof similarity measurespr a col-
lection of potentiallabels. Let p; represent randomvari-
ablethatrealizesprobesbelongingto classW, i.e., various
valuesof p;. Then,@(p;) may be treatedasa randomvari-
ablethat describesa distribution of similarity measure®r
labelspotentially generatedy running different valuesof
p;i throughtheclassifier Similarly, if 8 representthemetric
which transformshe similarity matrix or labelsto anerror
measured(@(pi)) mayalsobetreatedasarandomvariable.
By natureof theclassificatiorproblem we cannotexpectp;
andpj to have the samestatisticalpropertieg(for i # j, ob-
viously). It follows thatwe cannotexpectthat8(¢(p;)) and
8(¢(p;)), the error distributionsof classesM andW;, have
thesamepropertieither(for i # j). To do sowouldimply
thatB o @ alsoactsasa whiteningfilter which homogenizes



the systemoutput.

Therefore givena setof sampledrom multiple classes,
we expectthis final, conglomerateerror distribution to be
composeaf mary modesor clusters.

In a classifierevaluation,we are usually concernedvith
theoutputof our system However, giventhatwe know there
areclustersn theoriginalinputdata,onecannotassumehat
thesystenoutputis notclusteredIn orderto useatechnique
thatdoesnotaccounfor clusteringwith full confidencepne
needgo showthatthesystenproperlydecorrelatethedata.

Thereis a possibility thatthe datais alsoclusterableby
someother criterion or covariate— determiningthe “cor-
rect” or “best” stratificationcriterion is not always clear
Thisis implicitly reflectedn Kish's previousquotewhenhe
statesthe homogeneityis “generally not complete. How-
ever, given that we generallyexpectthe mostsimilarity to
occurbetweersampledelongingto thesameclassjt seems
only naturalto stratify over classidentity. In summarytak-
ing a stratifiedsamplingapproactallows usto explicitly ac-
countfor statisticallycorrelatecclustersor strata.

5. Samplinglssues

In thissectionwe discussn detail thekindsof assumptions
thatare often madeat the differentlevels of sampling,and
how they may effect an evaluations results. For now, we
will concentraten misclassificatiomate— themetricmost
likely to beof greatestinterestto classifieresearchers.

5.1 Simple Random Sampling

The vast majority of traditional textbook estimationtech-
niguesare foundedon the assumptiorthat simple random
samplingwas usedto obtain the underlyingobsenations.
Unfortunately asdiscussedn the previous sectionit is not
alwaysclearthat,givena particularexperimentthe concept
of srs over the systemoutputis eitherfeasibleor evenwell
defined. In experimentswherethe datahasbeencollected
from anoutsidesourcethereis anevengreatempotentialfor
the samplingdesignto departfrom the evaluators assump-
tions.

Merging a binary outcomewith the srs assumptioeads
directly to statisticaltestsand methodsbasedon the bino-
mial distribution (suchasMcNemarstest)[33]. At first ex-
amination,the binomial distribution is also particularly at-
tractive becausét is a simple,easily-understoodandwell-
studieddistribution. Its use for evaluation has beendis-
cussedor classifierd1], [10], [15], [41], [42] andfor eval-
uationandtuning in a variety of otherdomains,including
inductive learningsystemd18], andspeecltrecognitional-
gorithms[19].

However, there can be direct and measurableconse-
guencesvhentheunderlyingdatadepartdrom srs. In [26],
Kish discussesomequantitatve consequencesf violat-
ing the srs assumptionwhich we will briefly summarize

here. He shaws that even small departuredrom srs can
have drasticeffects on standarderrors and confidencein-
tervals. Typically, this distortionincreasesvith the product
p(n—1) wheren is the averagenumberof elementsin a
clusterandp is the intraclasscorrelation coeficientor icc.
For example,Kish shawvs thatevenif this productis “just”
0.2,a0.95 confidencenterval whichis reportedlyincorrect
with afrequeng of 0.05will, in actuality beincorrectwith
a frequeng of 0.074, nearly a 50% increase. Therefore,
both p andn needto be smallto maintainreasonabl&on-
fidenceintervals. However, Kish alsonotesthata low icc
impliesa characteristiof measurehatis “f airly randomly”
distributedwithin theclusters.Certainly whenit is theclass
thatis bothmeasure@ndthe maincauseor clustering,we
cannotexpecta negligible icc.

Thesedeparturedollow directly from the statisticsof a
sequencef non-stationaryBernoulli trials, that is, where
the probability of succes9 is not fixed. As shown in [5,
pp. 135-136],if p varieswithin atrial (i.e., atrial consists
of several sub-trials,eachwith their own p) standarderror
is reduced.Corversely if p variesbetweertrials (i.e., each
trial hasits own p) standarderrorin increasedlIn practice,
it maynotalaysbe clearwhetherp is changingwithin tri-
als, amongtrials, or both. However, assuggestedby [26],
if priors are available,a McNemarstyle testmay be used
by makingproperadjustmentso the tests underlyingvari-
anceestimators.Otherwise thereis no soundway to “fix”
Bernoulliassumptions.

To illustratethe effectsof clustereddata,consideran ex-
amplefrom Cochran6] “illustrating justhow erroneoushe
binomialformulamaybe’”

A group of 61 leprosypatientswere treatedwith a drug for
48 weeks. To measurehe effect of the drug on the leprosy
bacilli, the presencef bacilli at six siteson the body of each
patientwastestedbacteriologically Amongthe 366sites,153,
or 41.8% were negatve. What is the standarderror of this
percentage?

Using the traditional binomial formula the standarderror
is approximately2.58%. However, if oneusesthe recom-
mendectlustersamplingproportionestimatorsthestandard
erroris estimatedo be about1.8 timeslarger, or 4.65%—

quitealargedifference.

The binomial formula requiresthe assumptiorthat resultsat
different siteson the samepatientare independentalthough
actuallythey have a strongpositive correlation.

In somestatisticalliterature, the term overispesion is
usedto referto situationswherethe true varianceof a pop-
ulationis largerthanthatobtainedvia standardinomiales-
timators[9]. Accordingto Collett[8, p. 190] thetwo major
causeof overdispersiorare (emphasisis) “variation be-
tween the responseprobabilities or correlation between
the binary response$ In otherwords,wheneither’i’ of
thei.i.d. assumptions violated.



With respecto systemevaluation,therehasbeensome
limited recognitionof the problemswith the srs assumption
asit relatesto contingeng tables,McNemars test,andits
relatedy? statistics.Althoughthey do not explicitly recog-
nize the potentialto drift from srs, Feeldersand Verkooi-
jen[16]1, state“whetheror not corventionalsignificantlev-
els areappropriatein this kind of hypothesigestis debat-
able? Salzbeg [41] considerghebinomialtest“a relatively
weak testthat doesnot handlequantitatve differencesbe-
tweenalgorithms,nor doesit handlemore thantwo algo-
rithms”? ReichandBarai[39] notethat noneof their sur
veyed techniquesinclude improvementssuchas stratified
methods. Regardingthe similar two-classconfusionmatri-
ces, Jameg22] stateghat"in practicethevalueof x? [is] of
little value”

The recognitionof the effect of clustereddataon confi-
dencentervalsis notwidespreaautsideof the surwey sam-
pling literature. Kohavi [29] implicitly recognizeslusters
by noting the superiority of stratified cross-validation in
which approximateproportionsof the classlabelsare pre-
sened. In his study; stratifiedcross-alidationoutperformed
traditional cross-alidation in termsof bias and variance.
Kohavi notesthe 0.632 bootstrapestimator[12] had low
variance but an “extremelylarge biason someproblems.
In a morerecentpaper Johnsorand Keevesexplicitly ac-
knowledgeKish, but in the field of educationalresearch
[24]. Thesimulationcommunityhasalsorecognizedhepo-
tentialbenefitsof recognizingstratification althoughin [28]
it is usedprimarily asavariancereductiontechnique.

5.2 Traditional Evaluations

Although the drive towardssoundevaluationmethodsis a
fairly recenttrendin the computervision community other
disciplineshave givenexperimentatlesignandanalysison-
siderablymoreattention.For example,Toussains1974sur
vey, [45], includesover 185 citationsconcerningmisclas-
sificationrate estimation. Despitethis, and the volume of
contritutionsmadesincethen,asrecentlyas1996,Feelders
and Verkooijen obsere that “there is no consensuén the
researchcommunity on how a [performancecomparison]
study [should be] performedin a methodologicallysound
way.” [16]

As notedin therecentsuney by ReichandBarai[39], the
machindearningcommunityhasprimarily usedfour major
methoddor evaluatingclassifierperformance— resubstitu-
tion, hold-out cross-validationandbootstap.

The mostfundamentaproblemwith holdoutandcross-
validationis that if datais sharedbetweentrials, thenthe
trial resultsbecomeinterdependen{{10], [14], [29], [41]).
Thereforetheunderlyingassumptionsf a variety of statis-
tical testswill becomeviolated.Kohavi [29] givesa specific

1[15] is the preliminaryversionof [16].

examplewhereholdoutmethodsyield significantinaccura-
cies.

The papersby Beveridgeet. al., [1], [2] adwcatea hy-
brid permutatiorandholdoutapproach.Their techniques
partly motivatedby their identificationof resamplingprob-
lemsthatareuniqueto evaluationsnvolving alargenumber
of classesanda smallnumberof exemplarsor trainingdata
perclass.Althoughtheir discussioris specificto bootstrap,
it appliesto cross-alidationand holdoutaswell. Instead
of simplerandomsubsamplingBeveridgeet. al. usea con-
strainecdpermutatiortechniqudo generat¢hetestandtrain-
ing setsfor holdouttrials. In his thesis,Jensern23] uses
similar randomizationmethodsfor the automatedevalua-
tion andtuningof classificatiortrees.Beveridges balanced
sampling Jensers conditionalrandomizatiorandNoreens
stratifiedshufling [36] areall variationsonthethemeof pre-
servingproblemconstraints.

Randomizationtests, however, are fundamentallydif-
ferentthantraditional parametrictests,and even bootstrap
basedests.Noreen36] obseres

When randomizationis used,the null hypothesisis that the
dependenvariableis unrelatedo the explanatoryvariable(s);
or, moreprecisely all permutation®f the dependenvariable
relative to theexplanatoryvariablesvereequallylikely. When
a conventionalparametrianethodis used,the null hypothesis

is that the dataare a randomsamplefrom a populationwith
certainspecifiedcharacteristics.

This follows from the obsenation made by Cohen [7,
pp. 175-176],that randomizationdoesnot producesam-
pling distribution in the traditional sense. In fact, Cohen
andNoreenbothstatethatrandomizatiortechniqueshould
not be usedwhendrawing aninferenceabouta population
parameterSimilarly, Efron andTibshirani[13] lament“the
standarddeviation of the permutationdistribution is not a
dependablestimatenf standarakrrorfor 0 (it is notindented
to be),while thebootstrapstandardieviationis.”

In summary we have seenthat standardtestsdegrade,
sometimeslrastically whendepartingirom eitherpostulate
of thei.i.d. assumptionMany textbookmethodssuchasbi-
nomialtests,McNemars test,andeventhe well-known re-
samplingmethodgackknifeandbootstraphowever, require
i.i.d. data.If thereis correlationamongsubgroupsor, if the
performancef theclassifievariesbetweersubgroupsthen
amethodthat specificallyaddressetheresultingclustering
of thedatais needed.

6. Stratified Sampling

We briefly review stratifiedsamplingandhow it maybeused
to estimateanexpectedvalue,or meanof apopulationstatis-
tic, denotedy.2 SupposéhatgivenapopulationP of sizeN,

P is divided into L mutually exclusive subpopulationsor
strata of sizesNz, Np, ..., N_.

2Thenotationanddefinitionsin this sectionarefrom [6].



After thisdivision, or stratification, supposéhatfor stra-
tum h of size N, we drav n, samples.If n representshe
totalnumberof samplesthenn = n; +nz+ - -- + n_. Specif-
ically, lety ) representheith valuedravn from stratumh.
If thestratumweight(of stratumh) is definedas\W, = N /N
whereyE_; W, = 1, thenthe stratifiedsamplingestimateof
thesamplemeanyg; is

L
Yst= D Wh¥n, 1)
=

wherey,, is thesamplemeanof stratumh, or

Yo = (1/nn) _Zhly(h,i)- 2)

Note,it canbeshawn thatyy; is anunbiasedestimatorof the
populationmean[47]. If, for all h, nn/n= Ny /N or np /N =
n/N, thenyg; simplifiesto thetraditionalsamplemean

L
Y=/ S Mgy 3)
h=1

6.1 Conditions and Advantages

In orderfor stratifiedsamplingto be successfultwo funda-
mentalrequirementsnustbe met. First, eachstratummust
be independentbut not necessarilyidentically distributed
Stratifying our populationby classsatisfiesthis constraint
becauseby definition of the classificationproblem,we ex-
pectthateachclassis its own, independentanduniquedis-
tribution. Secondgachstratumshouldbe relatively homo-
geneousThatis, thevarianceof samplegiravn from within
the samestratumshouldbe significantlylessthanthe vari-
anceof samplesdravn from multiple strata. This second
requirementnaybe moredifficult to fulfill, sinceit depends
highly uponthe natureof the underlyingclasses.Classes
difficult to identify will yield an error distribution with a
wide variance. Regardless,our previous experimentation
hasreflectedCochran$ obsenation [6] that properappli-
cationof stratifiedmethodsrarely decreasean estimators
accurag.

Asidefrom handlingclustereddata,therearemary aux-
iliary benefitgo stratifiedsampling([6] and[31]). Firstand
mostimportantly stratificationcanhelp ensureconsisteng
acrossxperiments.This is particularlyimportantin sensor
evaluation— if oursubcontgtsaresuficiently well-defined
andmaintainedacrossxperimentghenwe helpcontrolthe
ability of scenechangeso confoundour results.

Secondstratificationmayhelpensureghatsmallsubpop-
ulationsareexplicitly included.Thisis particularlydifficult
to ensuregiven simple randomsampling— a large num-
berof samplesandthereforea largeamountof correspond-
ing groundtruth, is requiredto ensurethat unlikely classes

arecaptured.If the collecteddatais not particularlyrepre-
sentatve of a population,thenthe stratumweightsmay be
adjustedaccordingly making subsequengvaluationsmore
meaningful.

Finally, stratificationallows for weighting Historically,
theseweightshave beenprimarily usedto take into account
the relative differencein populationsize. However, they
have also beenusedto accountfor cost, or “dif ficulty” in
obtainingasampleandin somecasesnaybeusedto deter
minetheboundarie®f the stratathemseles|[6].

Onesignificantdisadwantageof traditionalstratifiedsam-
pling is the lack of definitive methodsfor obtainingcon-
fidenceintervals. In [6], a methodis provided that can
estimatethe stratified samplingmeanestimators effective
degreesof freedom,however, it requiresthat eachof the
Y(n,y arenormal. Whatwe require thereforejs analternate
methodof obtainingthe stratifiedsamplingestimates.

7. BalancedRepeatedReplication

In this sectionwe briefly discussa specifictypeof balanced
repeatedeplication or BRR2 As will beshovn, BRR will
eventually allow us to drav confidenceintervals over our
estimatedstatisticsreducethe amountof requireddata,and
eliminatethe needfor morethanonetraining.

It should be notedthat BRR is not the only replicate
statisticgechniqueadesignedor stratifiedsamplesThetwo
majorvariationson BRR areFay’s method25] andSitter’s
balancedorthogonal multi-array basedBRR[44]. In addi-
tion, therearethebootstrapandjackknifevariantsbootstap
repeatedeplicationandjackkniferepeatedeplication[17].
Out of all thesetechniquesBRR wasselectedhecauset is
themostwell-studiedwhetheranothemethods preferable
remainsanopenqguestion.

7.1. Full Half-Sampling

We usethe samenotationfrom Section6. Assumewe are
given L strataand n, = 2 units dravn from eachstratum.
Oftenny, is referredto asthe primary samplingunit or PSU.
Then, if yj) representshe ith unit from stratumh, then
our datamay be decomposedhto two sets,one consisting
of all of the first samplesfrom eachstratum,y; = {y(q,1),
Yi2,1s --+» YL}, andthe secondcomposedf all of the
secondsamplesyz = {y(12), ¥(2,2), ---» Y(L,2)}- Let Ost rep-
resentsomeestimatorof a generallinear statisticapplied
overthepopulation.As shavn in [40], [26], BRR mayalso
be appliedto a muchwider variety of statistics,including
ratios, correlationcoeficients[17], non-linearfunctionsof
populationtotals[46], andquartiles[43] aswell asany non-
linear function of subpopulatiortotals[46]. However, for
simplicity, we limit our derivationshereto linear statistics,

3BRRis nota naew technique.The materialpresentedn this sectionis
adaptedrom [6], [11], [31], [32], and[47]



wherewe assumehat the weightsof the statistichave al-
readybeenabsorbednto the variousstratumweights,W,.
Let é(styl) and é(st,yz) representhe estimatorappliedover
the subsetsy; andy, respectiely. If we were interested
in the populationmean,and eachstratumwas given equal
weight, thenfrom Section6, we know that an estimateof
the populationmeanis Vst = (Y(st,1)+ Y(st,2)/2)- Unfortu-
nately this estimatehasonly one degreeof freedom,and
asa consequencdacksstability. Therefore nsteadof tra-
ditional stratifiedsampling,supposeve wereto generatea
synthetichalf-samplepr replicateby selectinga valuefrom
eithery; or y, for eachstratum.Having L strataanda PSU
of 2 impliesthatthereexist 2~ suchhalf-samples.Givena
single half-samplea, we could apply our linear estimatoy
yielding é(sm). Letting: dh1,q) = 1 if y(n 1) € half-sample
a (0 otherwise)anddn2,q) = 1 — & 1,q), thehalf-samplex
estimatds

L
Osta) = > Wh(Bn1o)¥(h1) +On2aYinz)  (4)
h=1

whereW, representsan optional stratumweight. It fol-
lows that the replicatebasedsamplepopulationmeanmay
bewritten

. 1 28,
Ost2) = ot Zle(st,u)- (5)
o=

Through simple algebraic manipulation [47],
shown that

it may be

L
Ost2) = > Wh(Y(n) +Yh2) (22 =0t (6)
=

indicatingy (st2) is anunbiasedestimatorof the population
mean.We na/v move onto thesecondnomentestimate Let

dh =Y(n,1) —Y(n2) and
5@ _ 1 if yn1) € half-samplex )
h 7 -1 if ypnyo) € half-sample,
or, equivalently, 5@ = 28(h1,q)— 1. Then,
[B(sta) — Osd = z W3 /2. (8)

The 2 repllcatebasedvarlanceestlmatev(zL)( st) equals
[Bsten — 8sd? or

L L
Y Wed2/a+ S &8 WMy ncly /2 ©)
h=1 h<h

wherethe secondsummatioris over all pairsof (h,h) such
thath < h' < L. Unfortunately even for moderatevalues

of L, Equation9 requiresa large numberof computations.
Generatinghalf-samplesfor an evaluationinvolving hun-
dredsof stratum,therefore,becomesdntractable. One po-
tential speedups to usesomerandom k-elementsubsef
the 2" half-samples The correspondingarianceestimator
becomes

k
Vk(Bst) z e(St,d) - est (10)

nh—

Unfortunately usingsimply randomsubsetyields a biased
estimator The goal,thereforejs to selecta subsesuchthat

Vi (Yst) = V(Tst)-

7.2. BalancedHalf-Sampling

This brings us (finally) to the conceptof balancedhalf-
samplingor more generally balancedrepeatedeplication
(oftenabbreviatedBRR). In balancedalf-samplingwe se-
lectasetof k replicatessuchthatk < 2" (typically, k < 24),
andvy (Ysy) is unbiased.This canbe accomplishedf, for
alh< K <L[32],

=~

55 — 0.

1

(11)

a

If this criterionis met,thenthe half-samplesreconsidered
to be balanced sinceall cross-stratumermswill cancel.
Thus, vy (Yst) = V(Ysp)-

Since,for eachof thek replicatesve mustchoosea sam-
ple from eachof the h stratum,a naturalrepresentatioffor
thissetis ak x h array whichwe denoteB. Notethatthisar
ray doesnot appeadirectly in Equation(10);it is usedonly
to build the collectionof half samples.f By ) is +1, then
elementy, 1y shouldbeincludedin replicatea. Otherwise,
—lindicateslementyy ;) shouldbein theath half-sample.
For example,if we abbreviate+1 and—1 with + and— re-
spectvely, thenthe following 8 x 7 orthogonalarray could
beusedfor eightreplicatesbasedon sevenstratum.

(12)
+
FI T

For example,the 3rd half sample constructedrom the 3rd
row of Bis

a3 = {Y(1,2):¥(2,1), Y32 Y(4,2):¥(52)¥6,1), Y72} (13)
However, whenusingbalancedeplicates
N LI
eét) ~k Z e(st,or) (14)



doesnotimply thatthemeanof the haIf—sampIng? equals
Bst. In orderto havethisdesirablepropertyfor eachl < h<
Ll

k

z B =0 (15)
d=1
mustbetrue. This makessensantuitively, sincethis equa-
tion simply stateghateachsamplemustbeselectedinequal
numberof times. Half-samplessatisfying both Equation
(11) and Equation(15) are saidto be in full balance[47].
Notethatthis orthogonalarraycould be usedfor any num-
berof stratumL* < L sinceevery collectionof L* rows are
mutuallyorthogonal.

Whatis the propervaluefor k? Obviously, we desirea k
largeenougho provideareasonablestimatesmallenough
to be tractable,and sufficient for balancing. Both Wolter
[47] andGurng & Jewett[20] suggesh constructiororig-
inally from [38]: use2P replicateswherep satisfieshe in-
equalityL < (28 —1). Forexample givenL = 483,then512
replicategp = 9) suffice (Certainly 512« 2483))

7.3 GeneralBRR

So far, we have concentratedn the limiting caseof two
sampleger stratum. As shawvn in [20] and[47], the BRR
paradigmcanbe extendedto any casewherethe PSUis a
primeinteger Givenn sampleser stratumeachreplicate,
or n—1-samplecontainsa singleelementrom eachstratum,
we redefined(n 1 o) = 1 with respecto 1 <i < n. Thatis,
O(hyi,a) = 1if sampleyy ;) € replicatea andd,j o) = 0, oth-
erwise.Extendingthedefinitionof Equation(4) in thesame
fashionyields

L

Ost= > Wh(Bn10)¥(h1) + - "+ dhna)Ynm)  (16)
h=1

Accordingto [47], justasin the half-samplecasewe could

useall n" replicatego build the “textbook” equivalentpop-

ulationmeanestimate

nk

é(stn'—) = Z é(st,or)/nL = Ost a7
a=1

andvarianceestimate

. 1 L . .
Vit (Bst) = =1 > Bsta) — 0s)? =Vv(Bsp). (18)
a=1

Again, we needan orthogonalarray B, for constructionof

thek replicates.We usenP replicateswherep satisfieshe
inequalityL < (nP — 1e). For example givenL = 256strata
andn = 3 PSU,we will use729replicatessincel = 256<

(35—1). Intheappendixit is shavn how to constructlarge
varietyof orthogonabrrayshatcanbeusedo construcsets
of fully balancedeplicates.

Statistically using a larger numberof PSU can have a
significantadvantage(as demonstratedater). Usually, the
leadingl/(n, — 1) termin Equation(10) helpsyield smaller
varianceandthereforetighterconfidencentenals. Thede-
greeto whichthis occurs of courseyariesaccordingo both
the natureof the estimatoythe underlyingdistributionsand
thesamples.

For both the PSU= 2 and PSU> 2 case,an orthogo-
nal arrayis requiredfor the selectionof a setof balanced
half-samplesAlthoughorthogonalarrayscanbe tediousto
generatéby hand,thereare two viable alternatves. First,
thereexist anumberof Internetresourcesvith freegalleries
of orthogonalarrays. Evenif a desirableorthogonalarray
is missingfrom a gallery, a mathematicasoftware package
thatsupportGaloisFieldsmaybeused.Maplesourcecode
thatmay be usedto generatean arbitrarily large orthogonal
arrayis providedin AppendixB.

7.4. Confidencelntervals
To the bestof the authors’knowledge,[17] is the earliest
work to discuss,n detail, the useof BRR for the applica-
tion of confidenceintervals. Franlel statesthat “the dis-
tribution of the ratio of the first-ordersampleestimatemi-
nusits expectedvalue,to its estimatedstandarderroris rea-
sonablyapproximatedy Studentst within symmetricin-
tenals’ In otherwords,the normalizeddistribution of the
statisticsof the BRR estimatesanbe approximatedy the
Studentt distribution when using two-sidedconfidencen-
tenals. Franlkel shavs, empirically, that by using L (the
numberof strata)degreesof freedomd, makesthisassump-
tion quitereasonableAnotherimportantempiricalstudyby
Kish andFranlel [27], to paraphras¢30], “found thet ap-
proximationto beadequatéor confidencentenalsfor ava-
riety of populationparametersvith asfew as6 or 12 stratd.
In 1981 KrewskiandRao[30] providedananalyticproof
that the normalizeddistribution of the first-orderBRR es-
timatesapproaches normaldistribution asthe numberof
stratagoesto infinity. A later paperby Rustand Rao[40]
suggesthatthetruevalueof d is “somevhatsmaller”than
the numberof strata. However, in practice,given a large
enoughnumberof strata,even a large differencebetween
thetrue andestimatedraluesof d doesnot significantlyal-
ter the confidencanterval. This lastpropertyis oneof the
reasonswvhy the methodologyis well suitedfor evaluation
of systemswith alargenumberof classes.

8. Conclusionsand Future Work

In this paperweintroducedSTRAT, amethodologyfor clas-
sifier evaluation.STRAT is flexible enoughto handleawide
variety of statistics,efficient enoughfor practicaluse,and
basedn soundstratificationprinciples.In addition,we dis-
cussedhot only the criteriathat guidedthe developmentof
STRAT, but also discussedhe consequencesf departing



from theserequirements.The life of STRAT asan evalu-
ation methodologyis merelybeginning. Currently STRAT
is basedon BRR, areplicatestatisticsmethodthatdoesnot
requirethei.i.d. assumptiorthat limits the applicability of
othertechniqueso empiricalclassifierevaluation.

In thefuture,we hopeto investigatehow STRAT maybe
extendedo othercomputervision systemsWe have begun
investigatinghow STRAT canbe usedfor sensomevaluation.
This is a particularly challengingdomainsince, unlike al-
gorithm evaluation,one can no longer guaranteddentical
inputs. We alsohopeto performa meta-&aluation,to find
someof the practicalstrengthsandweaknes®f STRAT as
comparedo otherexisting methodologies.

A. Orthogonal Arrays

This appendixis concernedwith the definition and funda-
mentalsof orthogonalarrays.Sothatorthogonalrraysare
notconfusedvith thesimilarly namedconcepbf orthogonal
matriceswe usetheterm*“array” in placeswhere“matrix”
may otherwisebe preferred.The precisedefinitionof anor-
thogonalarrayvariesacrosdifferentliterature,althoughits
spirit (usually)remaingntact.

We begin with a formal definition of an orthogonalar-
ray. Let S representsomefinite setof n symbols,S =
{s1,9,...,5}. Let Arepresensomem x n arraycomposed
of symbolsof S, i.e.

ai,j) €ESVY(I<i<mandl< j<n). (29)

Let a. j) representhe jth columnof array A. Given two
columnsof A, a(.q anda.n (1< q,r <n,q#r), if each
orderedpair (ajq, a;r ), for all (1 <i < m), appear®itherzero
or the samenumber(usually but not necessaril,ym/2|3),
thenAis anorthogonalarray. For example Equation(12)is
anorthogonahkrray sincefor ary two columnstheordered
pairs(+,+), (+,-), (—,+), (—,—) eachappearthe same
numberof times(twice, in theabove array).

Thefollowing orthogonahrrayhasspecialsignificance

Hz = [3 7] (20)

It follows that Hy is indeedorthogonalsince the ordered
pairs(—1,1) and(1,1) eachappeamnce,andall otheror-
deredpairs,only (1,—1) and(—1,—1) in this case appear
zerotimes.

Thematrix Hy canbe usedto generat€some but notall
of the)elementof the setof Hadamad matrices which are
aspecialsubsebf orthogonahrrays.If anorthogonakrray
Ais squareandhasthe symbolsetS= {—1,1}, thenAis a
Hadamardnatrix.

Hadamardnatricesarequiteeasyto constructsincethey
canbedefinedrecursvely. Thatis, given Hadamardnmatrix
Hpn, then

Hpo = [_HHnn ﬂg} 1)
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is alsoa Hadamardmatrix. It is trivial to seethatif H is a
Hadamardnatrix, then—H is aswell.

As discussedn AppendixB, constructiornof generalor-
thogonalarraysis moredifficult, but quite tractable never-
theless.Regardlesof how they arederived, however, once
they areconstructedprthogonakbrrayscanbereusedacross
alargenumberof experiments.

B. GaloisFields

In this appendixwe review the definition of GaloisFields?
their properties and generatiorwithin a replicatestatistics
contet. The materialpresentedn this sectionis adapted
from [20]. Althoughit maybe somavhatnon-standarahe
notationusedin this sectionis designedor clarity.

B.1. Definition

Simply put, a GaloisField is a specialfield of polynomials.
Supposeve aregivenasetP of atmostdegreen polynomi-
alswith integercoeficientsof atmostp, wherep > 0 andp
is prime. Polynomialadditionandmultiplicationaredefined
in theusualmannerexceptthateachof the coeficientsc of
theresultof the operationarereducedto ¢ mod p. In this
appendixwe will usecoefmodto denotethis operation.For
example,

[(23 +%2 +x) + (2¢ + 2% +1)] coefmod3

= (43+3 +x+1) coefmod3 (22)
= X4x+1
or
[+ 2x+1)(x+1)] coefmod3
= (®+3x%+3x+1) coefmod3 (23)

= XC4x

We definea polynomialq as Q-irreducibleif, for g e Q, q
cannotbe expressedsa productof two polynomialsg=rs
whereneitherg norsis 1 andbothr € Q andse Q. Letg
represendaP-irreduciblepolynomialwhereP is asdefinedn
the previousparagraphThen,the setP modulothe polyno-
mial g formsa GaloisField of p" elementsin otherwords,
if coefmoded multiplication operationyields a polynomial
of degreep or greateythenthe resultshouldbe divided by
g, andreplacedwith the remaindeiof this division. For ex-
ample,givenn=5andp = 3,

x> mod (3® + 2x+ 1) coefmod3

(® +2x+ 1) + (x+2) mod (x® + 2x+ 1) coefmod3
(x+2) coefmod3

= Xx+2

(24)

We now requirea procesgshancanbeusedto systematically
generatéhe elementof a GaloisField.

4Accordingto the onlineversionof Merriam-Websters Collegiate Dic-
tionary (http://m-  w.com/ ) fields,Galoisis pronouncedgal-wa’
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o
o

g?*? coefmod3 modg= 1

Figure1: Galois Fields canbe generatedrom successie
powersof thegeneratingelemendg.

B.2. Generation

If gis a P-irreduciblepolynomial,g(P~% = 1, andg # 1,

thena GaloisField over P, denotedGF(p") canbe gener

atedby taking successie powersof g, and performingthe

appropriatenod andcoefmodoperations.The polynomial
g is oftenreferredto as a primitive root or geneating el-

ement Considerthe generatiorof GF(P) (i.e., p= 3 and

n = 5) givengeneratingelementg = (2x* 4+ 2x° + 2). Note

thattheremaybe mary generatingelementdor a particular
GaloisField. For instanceg = (x+ 1) is alsoa generating
elemenbf GF(P).

The most difficult part of Galois Field generationis
the selectionof the generatingpolynomial g. This can
be donewith a processsuchas the one describedn [21,
pp. 156—158].Fortunatelythe mathematicasoftwarepack-
ageMaplel] containsfacilities. The codesnippetfoundin
Figure2 canbeusedto generatdull GaloisFieldsandsave
it to afile.

B.3. Orthogonal Array Generation

Givena GaloisFieldin theabove form, we maygeneratan

orthogonalarray of, at largest,size p" x (p" — 1). Choose
ary columnof the GaloisField arrayandmale this thefirst

column of the orthogonalarray with the exceptionof the

bottommostelementwhich shouldbe setto zero. Succes-
sive columnsof the matrix canbe generatedby rotatingthe

elementof the previous columnwith (again)the exception
of the bottommoselement.Assumingmy; ;) representshe

elementatrow i, columnj of matrix M, then

Mij+y = Mipg) IFi<p’—1,
Mijyy = My ifi=p'-1, (25)
mijy = 0 otherwise
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gen_matrix := proc (modulo, degrees)
local G, prim, tmp, i, |, fname;
fnrame = ‘GF-* . modulo . ‘- . degrees . ‘.dat;
writeto(fname);
printf(‘GF(%g"%g), modulo, degrees);
G := GF(modulo, degrees);
prim := G[PrimitiveElement](‘?);
printf(‘generator = %s\n’, \

convert(subs('?‘=a,G[ConvertOut](prim)),string));
for i from 1 by 1 to G[size] - 1 do
tmp = G[ConvertOut](G["](prim,i));
printf(‘%4g )
for j from O by 1 to degrees-1 do
printf(‘%g coeff(tmp, 25 )
od;
printf(\n‘);
od;

Figure 2: Maple (Version5 Release3) sourcecodefor
Galois Field generation. Note that successie runs of this
function giventhe sameparametersnay resultin different,
but isomorphic fields.

Basedon theserules of constructionthe following is one
potentialorthogonamatrix generatedrom GF(3).

(26)

ORRFRPFPOONONREFENNFRFONNNOORORNRFENO
OORRFPRPOONONRFENNRFRFONNNOORORNREEN
ONORRPRFRPOONONRFRNNFRONNNOORORNRE,E
ORNORRPFRPOONONRFENNRFRONNNOORORNE
ORFRPNORRPRPOONONRENNRFRONNNOORORN
ONRFRPRFRNORRRFROONONRFNNFONNNOOROR
ORNRFRPNORRFRFROONONRFNNFONNNOORO
OORNRFRRFPNORRFRFROONONRFENNFONNNOOR
ORORNRFFENORRFRFROONONRFNNFONNNOO
OORORNRFPREPNORRPFPOONONRENNRFONNNO
OOORORNRPFEPNORRPFEPOONONRENNFEFONNN
ONOORORNRFPRENORRPRPROONONRFENNFRONN
ONNOORORNRFERENORRPFROONONRENNRFRON
ONNNOORORNRFPRPNORRROONONRFENNRO
OONNNOORORNRFFEFNORRFROONONRFNNE
OFRONNNOORORNRFENORRFRRFROONONREFNN
ONFONNNOORORNRFRFPNORRRFOONONREN
ONNFONNNOORORNFREPNORRRFROONONE
ORNNRPONNNOORORNRFPRENORRFPROONON
ONEFENNRFRONNNOORORNRPRENORRPRRFROONO
OONEFENNRFRFONNNOORORNFPENORRROON
ONONRENNRPONNNOORORNRFERENORRRFROO
OQONONFNNFONNNOORORNFRFENORRRO
OQOONONFENNRFONNNOORORNRFENORRE
ORFROONONRFENNFONNNOORORNRFRENORE
ORFOONONRFNNFONNNOORORNRFRFENOR

TheMapleO codeshowvnin Figure2 generatethefirst col-
umnof anorthogonalmatrix. The outputis commadelim-
ited sothatit maybeincludedin C headeffiles.
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