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Abstract

Ideally, an algorithm usedfor either self localization or
poseestimationwouldbebothefficientandrobust. Manyre-
searchershavebasedtheir techniquesontheabsoluteorienta-
tion research of B. K. P. Horn. Aswill beshownin this paper,
while Horn’s methodperformswell with an additive Gaus-
siannoiseof large variance, mismatchesandoutliers havea
moreprofoundeffect. In thispaper, theauthorsdevelopa new
closed-formsolutionto theabsoluteorientationproblem,fea-
turing techniquesspecificallydesignedfor increasingthe ro-
bustnessduring thecritical rotationdeterminationstage. We
also includea comparative analysisof the variousstrengths
andweaknessesof bothHorn’sandthenew techniques.
Keywords: absoluteorientation,self-localization,poseesti-
mation

1 Intr oduction and Background
At the coreof many poseestimationsandself-localizations,
liesavariationof theabsoluteorientation(AO) problem.His-
torically, and throughoutdifferent fields, the problemtakes
on both different constraintsand names. But, regardlessof
whetherthe problemto be solved is “3D locationparameter
estimation”[16], a form of “hand-eyecalibration”,or (theau-
thors’ favorite nomenclature)the “roto-translation”problem
[15], theessenceremainsthesame.Given two setsof corre-
sponding3D points,whatis thetransformthatrelatesthem?

To the bestof the authors’knowledge,the first published
least-squareminimizationsolutionto theabsoluteorientation
problemcanbeaccreditedto FernandoSans̀o [15]. Horn re-
discoveredthe samemethodover 14 yearslater, in 1987[7].
AlthoughSans̀o’s paperoutdatesHorn’s, the latter is thesig-
nificantly morepopularreference.Both authorsfirst reduce
theproblemto anEigen-decompositionof thesame

�����
ma-

trix, andthensuggesttheuseof Jacobi’smethod.UnlikeSan-
sò, Horn mentionsthat the EigenvectorsandEigenvaluesof
thematrix maybe foundvia therootsof a quartic. Sincethe
rootsof a quarticmay be found in closedform via Ferrari’s
identities,Horn’s completeshis closed-form.Horn suggests,
however, thatdueto theinherentinstabilityof theclosed-form
solution for quartics,in implementation,the decomposition
shouldbeperformedvia Jacobi.(See[12] for morehistoryon
theAO problem.)

As definedin this paper, we considerthe absoluteorien-
tationproblemto bedetermining,from a collectionof corre-
spondingpoint pairs,the translational,rotational,andscalar-
ing correspondencebetweentwo differentCartesiancoordi-

natesystems. In this paper, we will presenta new closed-
form quaternionbasedAO algorithmparticularlywell-suited
for dealingwith mismatchesand outliers. Throughsimula-
tion, we comparethenew methodswith previousresearch.

2 Representations
Choosingarepresentationfor thescalarandtranslationalcom-
ponentsis simple— we usea scalaranda 3D vectorrespec-
tively. Rotations,however, have many different representa-
tions(Horn remindsusbothin [7] and[8] thatKornandKorn
[11] mentionfive differentmethodsalone).Asidefrom Euler
angles,therotationmatrixesandquaternionsaretherepresen-
tationsmostoften usedin the computervision andgraphics
community(see[3] and[6] for background),but whichof the
many representationsis bestsuitedfor theAO problem?

Liketheresearchof Horn,weareprimarily concernedwith
the quaternionrepresentationof rotations.This bypassesthe
following disadvantagesof usingrotationmatrixes:� Thereis no obvious relationshipbetweenthe individual

elementsof arotationmatrixandtheaxis& angleof rota-
tion. This lackof an“intuiti ve” understandingmakesboth
comparisonandvisualizationdifficult. Therefore,rotation
matrixesarealsopoorcandidatesfor reconciliationvia av-
eragingmultiple resultsfrom subsamplingnoisydata.� Traditional rotation matrixesand Euler anglesmake in-
terpolationdifficult. Computervision, graphics,robotics,
andmanufacturingapplicationsoften have betterresults
whenusingquaternions[10, 14].� Thenormalizationrequiredto producea numericallycor-
rectrotationmatrix is computationallyexpensive.Orthog-
onalizationprocedures,suchasGram-Schmidt,introduce
unnecessaryopportunitiesfor errorsto propagateandcan
requiresignificantamountsof computation.

Unit quaternionsarewell-suitedfor representingrotations
for many situations:�

Becauseof thedirectrelationshipbetweentheangle& ax-
isof arotationandthequaternionthatrepresentsit, groups
of quaternionsareeasyto compareandreconcile.�
Normalizationof a quaternionis relatively fast,requiring
significantly lesswork than an orthogonalizationproce-
dure.

Quaternionsdo havefeaturesthatcanbedisadvantages:�
For every rotation,thereexists two canonicalquaternion
representations;i.e. a rotationthrough �� is equivalentto



onethrough � �� . Although this may appearto be a dis-
advantage,wewill laterexploit thisdualnatureof quater-
nions.� Despitetheir correlationto the axis andangleof a rota-
tion, the combinationof a quaternion’s four-dimensional
naturewith its unit constraintcan be difficult to visual-
ize. Quaternionvisualizationhasa long history: from
1866“deskandtable” analogy[4] to Hart’s [5] morere-
cent(1994)useof computergraphicsto explorethemore
common“belt” analogy.� Quaternionsgive no preferenceto rotationsthatmaintain
an “upright” position. Therefore,in the domainof com-
putergraphics,quaternionsarenot preferredfor interpo-
latingbetweenvirtual cameraorientations[3].

3 Absolute Orientation Formulae
Considera set of 	 threedimensionalcolumn vectors(per-
hapsrepresentingpointson a rigid body or geolocatedland-
marks) 
��� r ��� r ����������� r ��� wherer ������ � � � �!� �#" �!� � $�% and&('*)+' 	 . Let , representthecorrespondingsetof 	 points
after undergoing a translationby - , a uniform scalingby . ,
anda rotationby / degreesabouttheunit axis 0u. If 1324/5�60u 7
representsthe matrix form of the rotationalcomponentasa
functionof / and 0u, thenfor all

&8'9):' 	 ,

s� �*.�132;/5� 0u 7 r � �
t � (1)

Formally, theabsoluteorientationproblemis: Given 
 and, , recover . , t, / , and 0u. Like previousresearch,we treatthe
absoluteorientationin threeseparatestages:by solving . , t,
and( / , 0u) independently. Thefocusof this researchis on the
most difficult component,determiningthe rotation. There-
fore,wewill only briefly summarizethecommonmethodsfor
finding thescalarandtranslationalcomponents.

3.1 Solving the Translational Component
To determinethe translationalcomponent,t, we look to the
centroids. Given the respective centroidsof eachpoint set,
t is simply the differencebetweenthe two vectors. Simply
calculatethecentroids

r <=� ���>*?�A@ � r � and s<=� ���>*?�A@ � s� (2)

then the translationalcomponentt can be approximatedby
simply

t � s< � r <�� (3)

3.2 Solving the Scalar Component
In the multi-stageapproach,obtainingan estimatefor the s-
calarcomponentis alsorelatively trivial. Supposethatgiven
a point set,we sumall of thedistancesfrom eachpoint to the
centroidof the set. If our point setremainsrigid, we expect
this total to beinvariantundertheeffectsof translationandro-
tation. Therefore,we look to theratio of theaveragedistance
to thecentroidfor anestimateof . :.+� B > ��#@ �DC r � r < C> ��A@ �:C s � s< CFEHGI (4)

Horn [7] providesa moreformal treatmentof preciselywhy
Equations(3) and(4) aredesirableestimatesin theabsenceof
mismatchesandoutliers.

3.3 Solving the Rotational Component
Solving for the rotationis the crux of the new research.For
thesakeof simplicity, in thissectionweassumethatour input
datahasalreadybeennormalizedaccordingto thescalarand
translationalcomponents.

Considerasetof 	 three-dimensionalcolumnvectors(per-
hapsrepresentingpointson a rigid body) 
J�K r � , r � , ����� ,
r ? � wherer � L3�M� � L � �!� L " �!� L $�% and

&N'POQ'PR
. Let ,

representthecorrespondingsetof 	 pointsafterundergoinga
rotationof / degreesaroundthe unit axis 0u (point r L rotates
to sL ).

For convenience,vectorswill be freely interchangedwith
their quaternioncounterparts(i.e. ��(��2TS5� r 7 ).
3.4 Outliers and Mismatches
A particularadvantageof usingthe aforementionedmethods
is thatneitherrequirepoint matches.In otherwords,even if
all of thecorrespondencesareincorrect,thenthe translation-
al andscalarcomponentswill not be effected. Determining
the rotation,however, requirescorrespondences,even if they
are implicit ones. The issuesassociatedwith this indepen-
dencefrom correspondenceswill resurfacewhenwe consider
themetricsto beusedfor evaluatingAO algorithms.

In thepresenceof outliers,however, Equations(3) and(4)
can rapidly deteriorate. It is the profoundeffect of outlier-
s that motivatedFischler and Bolles to develop their land-
markRANSAC (RandomSampleConsensus)framework [2].
RANSAC instantiatesnot just one,but many solution mod-
els throughthe useof repeatedsubsampling.By seekinga
majority of points consistentwith their models,Fishler and
Bolles wereableto useRANSAC to increasethe robustness
of a classicphotogrammetriclocalizationproblem.Later, our
simulationswill show how outliersmaycauseasimilarly cor-
ruptingeffect.

3.5 The NewClosed-Form
For the sake of deriving the new form, we assumethat our
input data ( 
 and , ) is noiseless,complete,and correctly
matched;in later sectionswe examinethe effects of noise.
If �� is theunit quaternion�� �Q2VU ) 	D24/XW6YZ7[�\.^]6UX2;/XW�Y�7 0u 7 (5)

it canbe shown that the post-rotationvector, s� , is uniquely
determinedby thequaternionmultiplication2TS5� s� 7=�_�� 2TS5� r � 7`��ba (6)

where 24Sc� r � 7 is a quaternionwith a scalarcomponentof zero
andvectorcomponentr � , and ��`a is the conjugateof quater-
nion �� .

Fully expanding( U � � , U � " , and U � $ ) algebraicallyyieldsE-
quations(7)–(8)of Figure1. Fromtheseequationswecansee
thatthecomponentsof thesought-afterquaternioncannot be
expressedasa direct linear combinationof the input points.



However, if we considertheproductof two of thequaternion
components,wecanestablisha linearrelationship.

Supposewechoosejust threepairsof correspondingpoints
from 
 and , : 2 r �d� s��7 , 2 r �6� s�e7 , and 2 r f6� sfe7 . We can then
build thesystemof Equation(10)of Figure1.

Thesetenequationsfully constraintherotationbetween

and , . It is no surprisethatat leastthreepointswereneeded.
Theinclusionof theunit quaternionidentity C �� C � &

maynot
beasobvious,however. In fact,it wastheinclusionof theunit
quaternionconstraintthatallowsMaple, with somecreative
coaxing,to find closed-formsolutionsfor all ten component
combinations.

Althoughit is not themainfocusof thispaper, it shouldbe
notedthatthissystemcaneasilybeextendedto includethede-
terminationof a translationalcomponent.Thethreeaddition-
al degreesof freedomcanbeconstrainedwith a fourth point
pair. Despiteits larger size,closed-formsolutionsfor all

&eg
unknowns (

& S quaternionproductsand
g

degreesof transla-
tion) canbefoundfrom thenew system.Detailsareprovided
in [12].

After significantalgebraicmanipulationof Maple’sout-
put,we find thatall productsof two componentsof a (quater-
nion) rotation can be expressedas a linear combinationof
triple productratios. In Equations(12)–(16),the componen-
t productsare expressedas functions of the original input
points.

Thesix componentproducts��h^��i , ��hj��k , ��hj��l , ��i���k , ��k���l ,��iZ��l areall of the form of Equation(16) where m and n are
elementsof dUZ�!op�!qF�src� and mut�vn . For instance,if m(�wU andnx�yo , then the componentconsideredis � h � i , substituting
thematrix z h{i whereappropriate.Notethat �^|���} � ��}���| .
3.5.1 Computational Expense
A directimplementationof theaboveequationscanhardlybe
consideredanefficientone.Specifically, anactualimplemen-
tation shouldnot include any matrix multiplications— the
matrixesof Equation(11) all reduceto elementswapsand/or
negationsandhave beenincludedfor notationalcompactness
only. Commonsubexpressioneliminationalsoyieldssignifi-
cantspeedup.

As computingpower continuesits exponentialgrowth a-
long Moore’s price-performancecurve, the numberof com-
putationsrequiredby an algorithm is lessimportantthan in
previousyears.Evena typical desktopPCcanrun proverbial
circlesaroundthe mostpowerful workstationsof yesteryear.
Horn’s absoluteorientationalgorithmis a perfectexampleof
how inexpensivecyclescanimprovealgorithms.As disclosed
in Section1, even thoughthe closed-formalgorithm as de-
scribedin [7] canbe implementedin pureform, it usuallyis
not. Thehighavailability of mathematicallibrariesthatrapid-
ly performiterative procedureshave madeit possibleto sub-
stitutepotentiallyunstablealgorithmswith morerobustones.

Still, thereis no substitutefor high-efficiency algorithms;
embeddedsystems,robotics,RANSAC-basedalgorithms,and
real-timesystemsall dependon rapidturn-around.Unlessan
algorithmis particularlycompact,RANSAC algorithmsespe-
cially cannot afford to repeatan iterative numericalmethod
hundredsor thousandsof times.

Regardless,briefly considera naive implementationof E-
quation(10). If we assumethat a dot productrequiresthree
multiplicationsandoneaddition,a crossproductrequiressix
multiplicationsand threeadditions;then an implementation
with no partialevaluationcanfind anestimateof the � �h com-
ponentwith just 45 multiplications,25 additions,and1 divi-
sion— just71FLOPS.A highly optimizedversionthatsolves
for all of the quadraticcomponentscanbe performedin 123
FLOPSand37assignments.(See[12] for implementationde-
tails.) An optimizedmethodthatcalculatesall tencomponents
(which may not always be necessary)can be accomplished
with 266FLOPS.

3.6 Incr easingStability and DegenerateCases
Clearly, as the volume of the parallelepipedspannedby r � ,
r � , andr f approacheszero(all threepointsandtheorigin are
coplanar),thesolutiondegenerates.However, thereis a sim-
plewayto increasethestabilityof thenew form. If ~ r ��� r ��� r fd�
is greaterthan ~ s�6� s�6� sf�� , thenusethe formulationsaswrit-
ten. However if ~ s� � s� � sf � is greater, thenthe argumentsto
eachcomponentfunction shouldbe 2 s� � s� � sf � r � � r � � r f 7 in-
steadof 2 r � � r � � r f � s� � s� � sf 7 . The conjugateof this result is
thesought-afterestimate.

While threepointpairsaresufficientfor thenon-translation
case,four pairsof non-coplanarpointsarerequiredfor both
translationandrotation.

3.6.1 Resolvingthe OverdeterminedSystem
Since not all ten componentsare required to calculatethe
sought-afterquaternion,we are left with many possiblere-
constructiontechniques.We cannow usethe dual natureof
quaternionsasanadvantage;any onecomponentcanbearbi-
trarily fixedaspositive,andthesignof othercomponentscan
be adjustedaccordingly. The resultingrotationis not effect-
ed. Sinceit hasa directcorrelationto theangleof rotation,it
makesthemostintuitive senseto fix thescalarcomponent�eh
positive.

Duringearlyexperimentation,it wasdiscoveredthatoutof
all the

& S products,� �h , � �i , � �k , and � �l aretheleastsusceptible
to noise.Usingthestableproductsasananchor, andtheless
stableproductsfor determiningthe propersign, the rotation
canbereconstructedwith thealgorithmshown in Figure2.

In somecases,thesizeof the input setis minimal. In [9],
only ahandfulof points(threeto five)areusedfor localizinga
mobileplatformusinggeolocatedlandmarks.Usinga greater
numberof points, however, hasthe potential for increasing
many algorithms’accuracy.

Fortunately, therearemany waysto generalizetheabsolute
orientationproblemto 	 points. For instance,onemay seek
therotationthat:� minimizesthe sumof the squareddistancesbetweenthe

preandpost-rotatedpoints� maximizesthe alignmentof the data,treatedasvectors,
beforeandaftertherotation� minimizesthesumof squarederrorsin any linearformu-
lation thatproducesa solution



U � � �*� i�� �h � � iZ� �i � � iX� �k � � iZ� �l � Y�� k���i���k � Y�� ld��i���l � Y�� ld�ehj��k � Y6� kd��h^��l (7)U � " �*� k6� �h � � k�� �i � � k6� �k � � k6� �l � Y6� i6��i���k � Y�� ke��ld��l � Y�� l��ehj��i � Y�� i6��h^��l (8)Ue� $ ��� l � �h � � l � �i � � l � �k � � i � �l � Y�� k � k � l � Y6� i � i � l � Y�� k � h � i � Y�� i � h � k � (9)����������������
� �j��� $ � �j�^� " �j�^� " � �j�^� $ �^� � �^� ��� �^� �3� �^� �� �j��� $ � �j��� � �j�^� � �j�^� $ � �^� "�� �^� " �^� "�� �^� "�j�^� "�� �j�^� � � � �j�^� " �j��� � ��� $�� �^� $K� ��� $3� �^� $� �j�j� $ � �j�\� " �j�\� " � �j�\� $ �\� � �\� ��� �\� �3� �\� �� �j�j� $ � �j�j� � �j�\� � �j�\� $ � �\� "�� �\� " �\� "�� �\� "�j� � "�� �j� � � � � �j� � " �j� � � � � $�� � � $K� � � $3� � � $� �j�s�\� � � �j�\�\� �w�j�s�\� � � �j�s� $ �s� � �s� ��� �s� �3� �s� �� �j�\� $ � �j�\� � �j�s� � �j�s� $ � �s� "�� �s� " �s� "�� �s� "�j� � " � �j� � � � � �j� � " �j� � � � � $ � � � $ � � � $ � � � $� � � � � � � � � �

�����������������

����������������
�!�\�!��!�\� �� � � �� � � �� � � �� � � �� ��� ��� ��� ��

�����������������
�

����������������
� � � �� � � �� � � �� � � �� � � �� � � �� �\� �� �\� �� �\� ��

�����������������
(10)

z i�i � �� � & SQSS & SS�S & �� z k�k � �� & S�SS � & SS�S & �� z ljl � �� & S�SS & SSQS � & ��
z h{i � �� S�S�SS�S &S � & S �� z h�k � �� SQS � &SQS�S& S�S �� z h�l � �� S & S� & SQSS�SQS �� (11)

z iek � �� S & S& SKSSQSKS �� z k�l � �� SQSQSSQS &S & S �� z iel � �� SKS &SKSQS& SQS ��
� �h � ���� ~ r � � r � � r f � � ~ s� � r � � r f � � ~ r � � s� � r f � � ~ r � � r � � sf �� ~ r ��� r �6� r f�� ���� (12)

� �i � ���� ~ r � � r � � r f � � ~4z i�i s� � r � � r f � � ~ r � �\z iei s� � r f � � ~ r � � r � �\z iei sf �� ~ r �6� r ��� r fe� ���� (13)

� �k ������ ~ r ��� r ��� r f�� � ~4z k^k s�d� r �6� r f�� � ~ r �d�\z k�k s�6� r fe� � ~ r �6� r �Z�sz k^k sf��� ~ r � � r � � r f � ���� (14)

� �l ������ ~ r ��� r ��� r f�� � ~4z ljl s�d� r �6� r fd� � ~ r �6�sz ljl s�6� r f�� � ~ r �d� r ���sz l\l sf��� ~ r � � r � � r f � ���� (15)

� | � } � ~4z |s} s� � r � � r f � � ~ r � �\z |\} s� � r f � � ~ r � � r � �sz |s} sf �� ~ r �d� r �6� r fe� (16)

Figure 1. Equations 7–9: Fully expandedexpressionsfor theelementsof r ¡ aftera quaternionrotationabout �¢ . Equation 10: The
post-rotationpointsasa linearcombinationof productsof quaternioncomponents.Equations11–16: Solutionsto thesystemasratios
of triple products.Triple productsaredenotedwith anglebrackets.



Algorithm BasicReconstruct-3
Input : Six vectors,two groupsof three,eachrespectively rep-
resentingpoints before £ r ¤ s¤ t ¥ and after £ r ¦4¤ s¦4¤ t ¦A¥ a rotation
throughunknown �¢ .
Output : �¢

quaternion: �¢
real: §d¨\© , §e¨\© ¦ , ¢ � , ¢ � , ¢ � , ¢ � , ¢ �ª� , ¢ � � , ¢ � �
// Calculatethetriple products§d¨\©¬«P r ¤ s¤ t ®§d¨\© ¦ «¯ r ¦ ¤ s¦ ¤ t ¦ ®
// For stability, usethelargertriple product
if £°§e¨j©²±³§e¨\©ª¦#¥¬´¢ � «¯µ ¢ �� £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥jµ GI¢ � «¯µ ¢ �� £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥jµ GI¢ � «Pµ ¢ �� £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥jµ GI¢ � «�µ ¢ �� £ r ¤ s¤ t ¤ r ¦;¤ s¦;¤ t ¦ ¥jµ GI¢ �V� « ¢ �ª� £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥¢ � � « ¢ � � £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥¢ � � « ¢ � � £ r ¤ s¤ t ¤ r ¦4¤ s¦;¤ t ¦°¥¶

else ´¢ � «¯µ ¢ �� £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥jµ GI¢ � «¯µ ¢ �� £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥jµ GI¢ � «Pµ ¢ �� £ r ¦T¤ s¦4¤ t ¦4¤ r ¤ s¤ t ¥jµ GI¢ � «�µ ¢ �� £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥jµ GI¢ �V� « ¢ �ª� £ r ¦T¤ s¦4¤ t ¦;¤ r ¤ s¤ t ¥¢ � � « ¢ � � £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥¢ � � « ¢ � � £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥¶
// Performsigncorrectionif necessary
if £ ¢ �ª��·³¸ ¥ ¢ � «y¹ ¢ �
if £ ¢ � � ·º¸ ¥ ¢ � «y¹ ¢ �
if £ ¢ � � ·³¸ ¥ ¢ � «y¹ ¢ �
if £°§e¨j© ¦ ±»§e¨j©{¥ �¢ « �¢X¼�¢ « �¢Z½Z¾ �¢�¾
return �¢¶

Figure 2. Basic Reconstruct-3Pseudo-code. Given three
pairsof input points,find theinverserotation.The“ « ” sym-
bol hasbeenusedto denoteassignment.� minimizesthemediandistancebetweenthepreandpost-
rotatedpoints

Obviously, thereexist many otherpossiblecriteriathatcan
obtain a desirableabsoluteorientation. They are likely to
changebasedon thedomainof theapplication.Least-squares
approachesare often considered,but they presumeonly a
Gaussiannoisemodel,andtherefore(implicitly) thatthereare
no outliers. (For a powerful demonstrationof the effect of a
singleoutlier see[2]). In addition, they areoften computa-
tionally intensive. It would bepossibleto solveEquation(10)
in a least-squaressensevia SVD, but we would not be freed
from the side-effectsof outliers. A RANSAC-like approach
hastheability to combatmany of theseside-effects.

4 Absolute Orientation Algorithms
Now that the basic formulaehave beenintroduced,we use
themasabasefor developingnew algorithms.Sincein Horn’s
solutionthereis adirectmapfrom his formulationto analgo-
rithm, we refer the readerto Horn’s original paperfor both
referenceandimplementation[7].

The algorithmsdevelopedby the authorsin this section
have beendevelopedin an informal and experimentalfash-
ion; i.e. they arenot foundedin a new fundamentaltheory.
In this thesis,thereare no proofsaboutthe effectivenessof
the new algorithm. However, we will show resultsfrom our
simulationsin which the new algorithmclearly outperforms
previousresearch.

4.1 Quantifying the Effectsof Noise
Early in the stagesof this research,it becameclearif the ef-
fectsof noiseandoutlierscouldbequantized,thenit wouldbe
easierto identify desireableestimates.Becausea noisemea-
suremayneedto becalculatedfor severalthousandestimates,
efficiency becomesavital constraintof this process.

Let ��X¿ �P2 � ¿h � � ¿i � � ¿k � � ¿l 7 representthe calculatedvalueof�� from analgorithmsuchasReconstruct-N. Let � ¿h I represent� ¿h � ¿h , � ¿h�i represent� ¿h � ¿i , andsoon. If bothourpre-rotationor
post-rotationpoint setsarenoiseless,thenwith theexception
of floating point roundingerrors, if our points are matched
correctly, we can expect the following equalitiesto remain
true: � ¿h I � ¿i I �Q2 � ¿h{i 7 � � ¿h I � ¿k I ��2 � ¿h{k 7 � (17)� ¿h I � ¿l I �Q2 � ¿h{l 7 � � ¿i I � ¿k I ��2 � ¿i�k 7 � (18)� ¿k I � ¿l I ��2 � ¿k^l 7 � � ¿i I � ¿l I ��2 � ¿i�l 7 � (19)

In thepresenceof noise,onecouldnot expecttheseiden-
tities to remainvalid. However, it canbeusefulto look at the
sumof thedifferencesbetweentheidealsof theidentitiesand
thosevalueswhich are calculated. Let À (for performance)
representthis differenceÀÁ�ÃÂ � ¿h I � ¿i � � 2 � ¿h{i 7 � Â � Â � ¿h I � ¿k I � 2 � ¿h{k 7 � Â �Â � ¿h I � ¿l I � 2 � ¿h{l 7 � Â � Â � ¿i I � ¿k I � 2 � ¿i�k 7 � Â �Â � ¿k I � ¿l I � 2 � ¿k^l 7 � Â � Â � ¿i I � ¿l I � 2 � ¿iel 7 � ÂÄ�

As will be shown by the results of our simulation, in
thegeneralcase,thereexistsan inherentcorrelationbetween
quaternionswith a low À valueandthe original rotation. In
our previous algorithms,the goal was merely to generatea
collectionof similarquaternions.A simpleway to exploit our
newly foundquantizationability would beto useÀ to build a
weightedsumfor eachcomponent.

4.2 Micheals-Boult
The first step in developingsuchan algorithm is to rewrite
BasicReconstruct-3to includethe calculationof the perfor-
mancemetric.Figure3 showsa pseudo-codeimplementation
of thisnew variation.It mayappearthatcalculatingÀ couldbe
a significantadditionto our computationaloverhead,but the
readershouldberemindedthatanoptimizedtechniquecanbe
used.Regardless,ourpayoff is anability to rateeachestimate.



Algorithm ScoredReconstruct-3
Input : Six vectors— two groupsof threerespectively repre-
sentingpoints before, £ r ¤ s¤ t ¥ , and after, £ r ¦4¤ s¦T¤ t ¦A¥ , a rotation
throughunknown �¢ .
Output : �¢ , Å (or performance)

quaternion: �¢
real: §d¨\© , §e¨\© ¦ , ¢ � , ¢ � , ¢ � , ¢ � , ¢ �sÆ , ¢ �\Ç , ¢ �\È , Å
// Calculatethetriple products§d¨\©¬«P r ¤ s¤ t ®§d¨\© ¦ «¯ r ¦ ¤ s¦ ¤ t ¦ ®
// Usethelargertriple productfor stability
if £°§e¨j©²±³§e¨\©ª¦#¥¬´¢ � «¯µ ¢ �� £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥jµ GI¢ � «¯µ ¢ �� £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥jµ GI¢ � «Pµ ¢ �� £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥jµ GI¢ � «�µ ¢ �� £ r ¤ s¤ t ¤ r ¦;¤ s¦;¤ t ¦ ¥jµ GI¢ �V� « ¢ �ª� £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥¢ � � « ¢ � � £ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥¢ � � « ¢ � � £ r ¤ s¤ t ¤ r ¦4¤ s¦;¤ t ¦°¥¶

else ´¢ � «¯µ ¢ �� £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥jµ GI¢ � «¯µ ¢ �� £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥jµ GI¢ � «Pµ ¢ �� £ r ¦T¤ s¦4¤ t ¦4¤ r ¤ s¤ t ¥jµ GI¢ � «�µ ¢ �� £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥jµ GI¢ �V� « ¢ �ª� £ r ¦T¤ s¦4¤ t ¦;¤ r ¤ s¤ t ¥¢ � � « ¢ � � £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥¢ � � « ¢ � � £ r ¦ ¤ s¦ ¤ t ¦ ¤ r ¤ s¤ t ¥¶
// Calculatetheestimate’s performanceÅ�«Pµ ¢ �� ¢ �� ¹ ¢ ��Æ � µ°ÉÁµ ¢ �� ¢ �� ¹ ¢ �sÇ � µ°ÉÊµ ¢ �� ¢ �� ¹ ¢ �sÈ � µ°ÉÊµ ¢ �� ¢ �� ¹¢ � Ç � µ[ÉËµ ¢ �� ¢ �� ¹ ¢ � È � µjÉxµ ¢ �� ¢ �� ¹ ¢ � È � µ
// Performsigncorrectionif necessary
if £ ¢ �ª��·³¸ ¥ ¢ � «y¹ ¢ �
if £ ¢ � � ·º¸ ¥ ¢ � «y¹ ¢ �
if £ ¢ � � ·³¸ ¥ ¢ � «y¹ ¢ �
if £°§e¨j©V¦Ì±»§e¨j©{¥ �¢ « �¢X¼�¢ « �¢Z½Z¾ �¢�¾
return ´ �¢ , Å ¶¶

Figure 3. Weighted Reconstruct-3 Pseudo-code. Given
threepairsof inputpoints,find theinverserotationandits cor-
respondingperformancemetric Å .

Onelast stepremains;we mustchoosea weightingfunc-
tion. Obviously, as À decreases,we requirea greaterweight.
In simulation,Micheals-Boult(Figure4) weightseachquater-
nion componentby

& W[À � . This weighting function has the
desirablequalitiesof rapidly increasingas À becomesvery
small, almostnegligible, for large valuesfor À . Additional-
ly, earlyexperimentationsuggestedthat

& WjÀ � waswell-suited
for the typically small (lessthan1.0) magnitudesof the esti-
mates. The weighting functionsof

& W[À and
& W[À f werealso

consideredin earlyalgorithms,but they did not producemore
accurateresultsthan

& WjÀ � . For speedup,a piecewise linear
approximationcouldbeused.

Although lower valuesof À do not always correspondto

Algorithm Micheals-Boult
Input : A setof Í (where ÍÏÎJÐ ) vectorsrepresentingpoints
beforeÑ , andafter, ÑÒ¦ undergoinganunknown translationt and
anunknown rotationthrough �¢ .
Output : �¢ andt

vector:c, c¦ , r , r ¦ , s, s¦ , t, t ¦
quaternion: �¢
real: WeightedÓ � Sum, WeightedÓ � Sum
real: WeightedÓ �

Sum, WeightedÓ �
Sum

real: SumOfWeights
real: score, Å
// Calculatethecentroidsfor normalizationandthe
// determinationof thetranslationalcomponent.
c « centroid £;Ñ+¥
c¦ « centroid £;Ñ ¦ ¥
// For eachcontiguousgroupof threepoints
for Ô�Õ�Ö to £°Í×¹uØe¥ do

r «ÙÑÒÚÌ¹ c
r ¦5«ÛÑÒ¦Ú ¹ c¦
s «ÙÑ Ú#Ü � ¹ c
s¦ «ÛÑ ¦Ú#Ü � ¹ c¦
t «ÛÑ=ÚAÜ � ¹ c
t ¦ «ÛÑ ¦Ú#Ü � ¹ c¦
// Calculateanestimateandits performance
( �¢ , Å ) « ScoredReconstruct-3£ r ¤ s¤ t ¤ r ¦ ¤ s¦ ¤ t ¦ ¥
// Weighttheperformance
score «yÖ ½ Å �
// Contributeto eachcomponentaccordingto thescore
WeightedÓ � Sum« ¢ �ÞÝ score
WeightedÓ � Sum« ¢ � Ý score
WeightedÓ �

Sum« ¢ � Ý score
WeightedÓ �

Sum« ¢ � Ý score
SumOfWeights « SumOfWeights+ score

end for
// Extracteachcomponent¢ � « WeightedÓ � Sum/ SumOfWeights¢ � « WeightedÓ � Sum/ SumOfWeights¢ � « WeightedÓ �

Sum/ SumOfWeights¢ � « WeightedÓ �
Sum/ SumOfWeights

// Normalizethefinal model�¢ « �¢Z½Z¾ �¢�¾
// Calculatethetranslationalcomponent
t « c¦ ¹ c
return ´ �¢ ¤ t ¶

Figure 4. Micheals-Boult pseudo-code. Using the perfor-
mancemetric,build weightedsumsfor eachcomponentfrom
eachquaternionestimate.

desirableestimates,it is a measurethat is independentof the
generalmagnitudesof boththeinputandthenoisevectors.1

4.2.1 On the Merits of Micheals-Boult
The algorithmof Figure4, Micheals-Boult, hasspecificpro-
visions for handlingoutliers and mismatcheswhile solving

1Be carefulof our somewhat sloppy useof the term “magnitude”here.
Certainly, as the magnitudeof the typical noisevector increases,estimates
will degenerate.But, if theratio of theaveragenoisevectormagnitudeto the
averageinput vector remainsthe same,thenwe do not expect ß to change
dramatically. A distancemeasurewould scaleaccordingly.



therotationalcomponent.Determiningpreciselywhich is the
mostrobustmethodfor reconstructingthescalarandtransla-
tionalcomponentis apartof theauthors’continuingresearch.
Therearetwo methodscurrentlyunderconsideration:

1. Usetheclosed-formsolutionsto theextendedmatrixmen-
tionedin Section3.5to build atranslationcapableversion
of Micheals-Boult.

2. Useasimplevarationon RANSAC.

The authors’continuingresearchincludesthe determination
of which methodprovidesbetterresults.

In addition,experimentationby the authorsalsosuggests
that theresultsfrom Micheals-Boultmaybesignificantlyim-
provedby gatheringestimatesfrom morethan 	 � g

samples.
As seenin Figure 4, the new algorithm producesestimates
througha simplesliding window. More intelligent subsam-
pling techniquescansignificantlyimproveresults.

5 Simulations
To evaluatetheefficacy of thenew algorithms,we developed
asmall-scale,but full-featuredsimulationsystem.In this sec-
tion we will first discussthe simulationsoftwareusedto test
andevaluatetheperformanceof boththeexistingandthenew
absoluteorientationalgorithms.Then,we presentthe results
of thesimulations.

Thesimulationsoftwarewaswritten in anobject-oriented
naturewith C++. All of the randomnumbergeneratorsused
in the simulationsoftwarearebasedon the sourcecodepro-
videdin [13]. RobertDavies’ newmat09library [1] wasused
for many of thematrixapplicationsneededfor theimplemen-
tationof Horn’smethod.

5.1 Overall Process
Theoverallprocessof thesimulationis straightforward.Gen-
eratetwo collectionsof vectors— oneto representpointsbe-
fore a rotationandtranslation,andthe otherto representthe
correspondingpointsafter. We chooseto disregardthescalar
componentin our simulations.The goal of the simulationis
to useHorn’smethodsandthenew algorithmto re-extractthe
transform.

In outlinedform, thesimulationperformsthefollowing:

1. Generatea setof pre-rotationpoints 
 .

2. Generatea randomrotation �� .

3. Usingthepre-rotationpoints 
 andtherotation �� , gener-
atea correspondingsetof post-rotationpoints , .

4. Generateoutliersandmismatches.

5. Runanabsoluteorientationalgorithm.

6. Using a pre-selectedsetof specificmetrics,evaluatethe
performanceof thealgorithm.

Oursimulationdifferentiatesfrom previousresearchby in-
cluding more realistic noisephenomena.In addition to the
additiveGaussiannoise,oursimulationincludesexplicit steps
to includevarioustypesof outliers.

As anaside,in thecontext of our simulation,whenwe re-
fer to a “set” it is not in themathematicalsense,but morelike

anarray. This allows us to useoneindex to refer to both the
preandpost-transformpointwithout anadditionaldatastruc-
ture.Usingasingleindex alsobecomeshandylater, whenwe
generatesyntheticmismatches.

Someof theimportantparametersin oursimulationarethe
following:àâá � mismatchprobabilityãäá � outlier probabilityå � outlier magnitude	 � numberof pointsæ � radiusof sphereç � maximumdistanceof - to theoriginè � magnitudeof additiveGaussiannoise

The specific role of eachparameterwill be explainedas it
comesinto context. We will now examineeachmajor step
of thesimulationin greaterdetail.

5.1.1 GeneratePre-Transform Points
First, we createthe pre-transformdataset. The simulation
generatesacollectionof 	 randomvectors
 thatcouldrepre-
sentpointson thesurfaceof a bumpy sphereof radius æ , and
anorigin at - . Noiseis simulatedwith asimpleadditiveGaus-
sianmodel,with an equalvarianceè � in the axial direction-
s. Randomvectorsfrom the modelareaddedto the original
pointsto createthenoisypre-rotationdataset 
8� .

5.1.2 GenerateRotation
First, to generatea randomrotationwe choosefour random
numbersfrom a uniform distribution from � & � S to

& � S . Each
of therandomnumbersis thenassignedto anindividualcom-
ponentof a quaternion �� . For the sake of convenience,the
scalarcomponentof �� is fixedaspositive,with anappropriate
adjustmentto thevectorcomponent.Finally, �� is normalized.

5.2 GeneratePost-Transform Points
Usingthepre-rotationvectors
 andtherotation �� , first gener-
atetheirnoiselesscounterparts,, , addingin therandomtrans-
lation t ¿ to eachpoint aswe go. Next, anadditionalGaussian
noisevector, alsoof varianceè � , is addedto eachelementin, to createthesetof noisypost-rotationvectors, ¿ .

It is at this point that the simulationsignificantlydeparts
from previousresearch,by modelingtwo typesof real-life er-
ror phenomena.First, it is possiblethatour correspondences
themselvesareimportect,i.e. they includea numberof mis-
matches. Second,anAO algorithmmayaccidentallyinclude
outliers— whichwecategorizeasextremelynoisypoints.For
example,a badstereocorrespondenceor a humanerrorcould
bothgenerateanoutlier.

5.2.1 Simulating Outliers
To simulatethe presenceof outliers,we startby copying the
noisy setsof 
8� and ,¬� into new outlier sets 
êé and ,Fé .
Then,for eachpoint p � in 
êé and ,Fé , we choosea random
floating-pointnumber

O
from a uniformdistributionspanningS5� S to

& � S . If
O

is lessthanthe input parameterãäá , thenwe
generatea point of randomdirectionandrandommagnitude
(of at maximum,

å
,) andreplacep � with theoutlier.



5.2.2 Simulating Mismatches
Thepartially matchedset, ,äë , is generatedin a similar man-
ner. Due to thesymmetryof mismatches,thereis no needto
generatea pre-rotationmismatchset 
ìë .

The mismatchset, ,¬ë , startsas a duplicateof , é . For
eachpoint s� in , � , we choosea randomfloating-pointnum-
ber

O ¿ , from a uniform distribution spanningS5� S to
& � S . If

O ¿
is lessthanthe input parameterà á , thenwe choosea point
at randomfrom , � , andreplaces� with its value. No special
considerationis takenif s� is alreadyanoutlier. After its gen-
eration,, ë containsapartiallymatchedpost-rotationsetwith
outliers.Therefore,apoint in 
ìé , andits correspondingpoint
in , ë , couldbeany of thefollowing typesof pairs:� acorrectlymatchednoisypre-transformpointpairedwith

its correspondingnoisypost-transformpoint� apre-transformoutlierpairedwith anoisypost-transform
point� a noisy pre-transformpoint pairedwith a post-transform
outlier� apre-transformoutlierpairedwith apost-transformoutli-
er� a pre-transformnoisy point incorrectly matchedwith a
noisypost-transformpoint� andsoon �����

In summary, afterthisstage,we havegenerated
 � � noisysetof pre-rotationpoints
 é � noisysetof pre-rotationpoints,includingoutliers�� � rotationusedto generatepost-rotationpoints,¬�í� noisysetof post-rotationpoints,FéË� noisysetof post-rotationpoints,includingoutliers,¬ëí� noisysetof partiallymatchedpost-rotation
points,includingoutliers)

andarereadyto run thealgorithmsnow.

5.2.3 Running the Algorithms
The two algorithmsto be analyzedare Horn’s method,and
Micheals-Boult,whichwewill referto asHorn andMicheals-
Boult (or M-B). Becausewe have several different typesof
pre andpost-rotationpoint sets,we mustchoosewhich sets
aremostappropriatefor thedifferentpartsof thealgorithms.
Thereareessentiallytwo stagesto thesimulation:

1. Determinethetranslationalcomponent,t

2. Determinetherotationalcomponent,��
For thetranslationalcomponent,wewill calculatethecen-

troids from 
 é and , é — this is the dataan algorithmtypi-
cally hasaccessto. Whenoutliersarepresent,we canexpect
the centroids(andthusthe rotationalcomponents)to change
dramatically. Sincematchesareinherentlyacomponentof de-
terminingthe rotation,it doesnot make senseto use 
ìé and, ë here.Instead,wereservetheuseof , ë for thedetermina-
tion of therotationalcomponent.

As mentionedin Section3.5.1,Horn’smethodis rarelyim-
plementedin closedform. Therefore,our simulationsdo not
implementHorn is closed-form.

5.3 Metrics
A standardpartof evaluatingany algorithmis determiningthe
metricsto beusedto quantify their performance.In this sec-
tion, we will selectour metrics,discusshow they shouldbe
usedin our simulation,andthe significanceof their applica-
tion. Althoughthesemetricshavebeendevelopedin thelight
of Horn andMicheals-Boult, they aregeneralenoughto apply
to otherAO methods.

5.3.1 AbsoluteQuaternion Distance(AQD)
A metric (to thebestof theauthors’knowledge)thathasnot
yet beenusedto evaluateabsoluteorientationalgorithmsis a
measurewewill referto astheabsolutequaternion distance,
or AQD. Essentially, the AQD is a measureof proximity be-
tweenthequaternionusedto generatethepostrotationpoints�� andthe quaternionestimatedfrom an algorithm.2 Given ��
and ��Z¿ , theAQD is trivial to compute:

AQD 2 �� � �� ¿ 7D� C �� � �� ¿ C (20)

The AQD is not significantlyperturbedin thepresenceof
outliers,althoughpreciselyhow anAO algorithmrespondsto
outliers is entirely different. Justa singleoutlier canhave a
significanteffect on the ADM, perhapsturning what may be
anaccurateestimateinto aninvalid one.

5.3.2 AverageDistanceMetric (ADM)
Traditionally, thegoalof AO algorithmsis to find therotation
thatminimizesthe averagedistancebetweenthe rotatedpre-
rotationpoints 
 ¿ andthepost-rotationpointsof , ¿ . Wedefine
theaveragedistancemetric, or ADM, asa functionof: two
point sets( 
 and , ), a pair of centroids(r < and s< ), and a
rotation( �� ):

ADM 24
(�\,î� r <�� s<�� �� 7D� �ï �A@ � C 2 s� � s<\7 � �� 2TS5� r � � r <j7 �� a C �
(21)

Considera moregeneralform of the ADM — onethat is
a functionof four datasets,( 
 , , , 
 < , and , < ) anda rotation
( �� ), where 
 and , representthepreandpost-transformdata
sets,and 
 < and , < representthedatasetsthealgorithmuses
to generatethecentroids.If ðÞ2;ñ³7 is a functionreturningthe
centroidof point set ñ , ThenADM 24
(�\,Þ�s
�<��j,ä<��b�� 7 equals�ï �#@ � C 2 s¿� � ðî2V,ä<j7!7 � �� 2TS5� s� � ðÞ24
�<j7!7`��5a C (22)

In our simulation,outliersandmismatchesare treatedas
separatephenomena.Therefore,this more generalform of
the ADM, which we will revisit shortly, providesus with a
methodof evaluatingdifferentvariationsof theADM.

Sinceour simulationincludesbothoutliersandmismatch-
es,the applicationof the variousmetricson the differentpre
andpost-transformationdatasetstake on significantlydiffer-
entmeaning.Therefore,we needto discusstheprecisemet-
rics thatwewill applyto our results.

2Obviously, theAQD is only appropriatein thepresenceof groundtruth.



Ground Truth ADM Thefirst metricof interestis themost
traditionalone– a standardapplicationof the ADM, which
we will refer to asthe ground truth ADM or ADM-GT. In
thenew notation

ADM-GT 2 �� 7D� ADM 24
8�F�\,¬�F�\
ì�F�j,¬�F� �� 7 (23)

Note that the point setsusedto generatethe rotationarethe
sameonesusedto generatethecentroids.To betrueto tradi-
tion, the ADM-GT explicitly doesnot include outliers, im-
plicitly doesnot include mismatches(otherwisethe second
parameterwould be ,¬ë andnot , é ) and is built only from
thebasicnoisypoint sets.Any method(includingHorn) that
finds the rotationthat minimizesthe sumof the squareddis-
tancesbetweenthe pre and post-transformationpoints will
sharethe same,minimum, ADM-GT. Therefore,we expec-
t that whenthe input is correctlymatchedandlacksoutliers
is theoreticallyimpossibleto outperformHorn on the ADM-
GT metric. As we will seein Section6, on rareoccasions
Micheals-Boultdoesachieve lower valuesfor ADM-GT than
Horn. This is mostlikely dueto numericalinstabilitieswith-
in JacobianEigen-decomposition,verysmallquaternionrota-
tions,andtypicalfloating-pointroundoff errors.

Experimental ADM The next metric we will consideris
modeledafter themetriccommonlyusedin anactualexperi-
mention.Theexperimental ADM or ADM-E is definedas

ADM-E 2 �� 7D� ADM 24
 é �\,¬ë×�s
 é �j, é � �� 7 (24)

While this metricmayseemstraightforward,therearesignif-
icant issuesto considerwhenusingit asanalgorithmbench-
mark.First,evenin thepresenceof asingleoutlier, theADM-
E may becomevery large, and give the impressionthat an
estimateis lessaccuratethanit actuallyis. Similarly, we can
expectthata mismatch,a specialkind of outlier, would have
a similareffecton theADM-E.

Thepresenceof mismatchessignificantlychangesthevery
natureof theAO problem.In Horn, afundamentalassumption
is thatall pointsarecorrectlymatched.In thissimulation,and
in actualexperimentation,however, onecannot alwaysmake
thatassumption.Therefore,becausetheoriginal assumptions
madeby Horn (andmethodslike his)areno longervalid, it is
possibleto outscoreexistingalgorithmsonboththeADM-GT
andtheADM-E.

CleanedADM In ourfinal ADM-basedmetric,we takead-
vantageof our knowledgeof groundtruth. ThecleanedAD-
M , or ADM-C, is generatedin thesamemethodastheADM-
E, except that pointsknown to be eithermismatchesor out-
liers, are explicitly ignored. Let 
 < ( . for cleaned) and , <
represent
 < �ò r �6óÒôH
8�Hõ2 r �6óD� r éZó!7¬öº2 s�6óÞ� séZó�7äöº2 s�6óÞ� së ó�7j� (25), < �ò s�6ó=ô÷,ä�Êõ2 r �6óD� r éZó!7¬öº2 s�6óÞ� séZó�7äöº2 s�6óÞ� së ó�7j�X� (26)

Essentially, 
�< and ,ø< arethesetsof correctlymatched,non-
outlier, noisy point pairs that survived the point generation

process.Therefore,theADM-C, or

ADM-C 2 �� 7=� ADM 24
 < �\, < �s
 < �\, < � �� 7[� (27)

is a reflectionof the estimates’performancewith respectto
valid data,despitethepresenceof outliersandmismatches.In
otherwords,theADM-C is calculatedfrom a cleanedsubset
of thepointsusedto calculatetheADM-GT.

6 Results
Figures5–16show typical resultsfrom our simulationsin the
form of normalizedhistogramimages.

For eachiterationof thesimulation,asinglepointwasplot-
tedon a graphwith thepoint’s o coordinatecorrespondingto
Horn’s valuefor a particularmetricandthepoint’s q coordi-
natecorrespondingto theMicheals-Boultvaluefor thatsame
metric. In thesegraphs,a point above the main diagonalin-
dicatesaniterationin which theMicheals-Boultvaluefor the
metric was lower than Horn’s value. A point that falls be-
low thediagonalcorrespondsto theinverse.Then,theplot is
quantizedinto pixel regionsandpixel valuesareassignedac-
cordingto thenumberof valuesin eachpixel region. Regions
with the highestpoint countareassignedthe darkestvalues
andregionswith thelowestpointcounts(usuallyzero)areas-
signedthe lightestvalues.Figures5–16wereall madefrom& SZù iterations.

Figures5 and6 show theresultsfrom thesimulationwhen
its parametersareadjustedto mimic the datasetsconsidered
in traditional AO research. In this configuration, àÊá �úS
(thereareno mismatches),À�ûÛü5� S , ã á �ÙS5� S (thereareno
outliers), 	w�ýY�S ,

ç � & S5� S andwe have a moderatenoise
of è ��Sc� Y (approximately

�`þ
of the radiusof our bumpy

sphere).3 As expected,Horn’s methodconsistentlyoutper-
forms Micheals-Boulton both the ADM-GT and the AQD.
Thehighdensityregionsof Figure5 indicatethateventhough
over ÿ�� þ

of thepointsarein Horn’s favor, in a largenumber
of iterations,Micheals-BoultandHorn producedcomparable
results.In Figure6, theverticalnatureof thedensestregion-
s indicatethat the AQD valuesfrom Horn remainedwithin
a much tighter and lower rangethan the AQD valuesfrom
Micheals-Boult.

In Figures7 through10 we show theresultsfrom a setof
parametersin whichMicheals-Boultcanperformsignificantly
betterthanHorn. In ournew configuration,wehaveraisedthe
probabilityof mismatches,à á , to S5� g S , but loweredthenoise,è to Sc� SXü , or approximately

& þ
of thebumpy sphere’s radius.

The other parametersremainthe same: ã á � S5� S , æ û ü ,	 � Y6S , and
ç � & S . As canbeseenin theADM-GT (Figure

8), ADM-C (Figure9), andAQD (Figure10) graphs,mostof
the datapoints fall significantlybelow the main diagonalin
a linear-like cluster. This reflectsour findingswhenperform-
ing simulationswith similar parameters;that with low noise
and moderateprobability of mismatch,the majority of the
Micheals-Boultmetricvaluestendto remainwithin thesame
interval, while Horn’s tend to have a much greaterspread.
In comparisonto the ADM-GT, the lower densityregionsof

3Sincethereare neithermismatchesnor outliers, both the ADM-E and
ADM-C graphsarethesameasFigure5



ADM-C covera smallerregion. This reflectsour intuitiveun-
derstandingof the differencebetweenthe ADM-GT andthe
ADM-E — someof thepointsusedin calculatingtheADM-
GT areneverconsideredin eitherHorn or Micheals-Boult.

Thegraphof theADM-E is quitedifferentfrom its ADM
counterparts.In Figure7, the majority of the resultsarebe-
low the main diagonal(in favor of Micheals-Boult), but the
orientationof clusteris alonga diagonalof a slightly lower
slope.If just ADM-E is considered,thenonecanlegitimately
draw theconclusionthatin thisconfiguration,Micheals-Boult
andHorn producecomparableestimates.However, thehigh-
densityregionsof ADM-GT andADM-C, clearly show that
Micheals-Boultposesseshigherresiliency to mismatchesthan
Horn.

Figures11 through16 show the resultsof two differen-
t variationsof the parametersusedfrom Figures8–10. In
bothvarations,mismatcheshavebeeneliminated( àâá � Sc� S ),
but theoutlier probabilityof maximummagnitude

å ��Y�S5� S ,
hasbeenincreasedfrom ãøá � Sc� S to ãäá �ÙS5� & S . The other
(non-translation)parametershave remainedthesame:æ ûQü ,è � Sc� SXü , and 	 � Y�S .

In the first variation,we assumethat the datasetshave a
known translationalcomponent,t. In other words, outliers
only have effect in the determinationof the rotationalcom-
ponent. In the secondvariation,we do not assumea known
rotation(

ç � & S ); thereforeboth the translationalandrota-
tional componentsarecalculatedfrom theoutlier-ladendata.

Figures11–13show theresultsfrom thevariationwheret
is known. Thedensitydistributionsof thesefiguresarequite
similar to Figures5–6. No doubtdueto themagnitudeof the
outliers (

å � Y6Sc� S ), the datapoints spana broaderrange.
Again, we seethat the ADM-E (Figure 12) shows that the
applicationof anADM to uncorrecteddatamaygive the im-
pressionthat thereis a nominaldifferencebetweenHorn and
Micheals-Boult.

Figures14–16show theresultsfrom thevariationwheret
is unknown. Clearly, from thenearly ü6S`W6ü�S þ

split acrossall
threemetricsshown, without a morerobusttranslationdeter-
minationstage,neitheralgorithmperformsparticularlywell.
TheADM-E (Figure15) continuesits deceptive trend,but is
skewed in favor of neitheralgorithm. In addition,the denser
regionsof theADM-C (Figure14)andAQD (Figure16)have
a muchlargerspread.

7 Conclusions
In this paper, we introduceda new, compact,purely quater-
nion based,closed-formsolution to the absoluteorientation
problem. At the coreof this researchis the discovery of the
linearrelationshipbetweentheproductsof thecomponentsof
the rotationquaternionandthe input pointsthemselves. The
productscanbeexpressedasaratioof sumsanddifferenceof
triple products.

Thenew closed-formwasthenextended,via a RANSAC-
like framework, from a

g
point algorithm to a new, perfor-

mancebased	 point algorithm.By quantifyingtheeffectsof
errorper individual estimate,thenew algorithmis particular-
ly becomesparticularlyresilientto mismatches.Simulations
wereusedto analyzeparticularstrengthsandweaknessesof

thenew algorithmversuspreviousresearch.Many of thetop-
ics not fully coveredhereare discussedin greaterdetail in
[12].
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Figure 5. NormalizedADM-GT histogram.Pointsetshave
moderatenoiseandareperfectlymatched.M-B outperforms
Horn in Ø�� ��Ö�� of thetrials.
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Figure 6. NormalizedAQD histogram.Pointsetshave mod-
eratenoiseandareperfectlymatched.M-B outperformsHorn
in ��� Ð	�
� of thetrials.
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Figure 7. NormalizedADM-E histogram. Point setshave
low noise& moderatelyhigh mismatchprobability. M-B out-
performsHorn in � ¸ � ��	� of thetrials.
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Figure 8. NormalizedADM-GT histogram.Pointsetshave
low noise& moderatelyhigh mismatchprobability. M-B out-
performsHorn in � ¸ � �eØ
� of thetrials.
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Figure 9. NormalizedADM-C histogram. Point setshave
low noise& moderatelyhigh mismatchprobability. M-B out-
performsHorn in � ¸ � �6Ö�� of thetrials.
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Figure 10. NormalizedAQD histogram.Pointsetshave low
noise& moderatelyhigh mismatchprobability. M-B outper-
formsHorn in �dØ�� �eØ
� of thetrials.
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Figure 11. NormalizedADM-C histogram.Pointsetshavea
known translation,low noise,andmoderateoutlierprobability
( Ö ¸ � ¸ � ). M-B outperformsHorn in �	��� �
�	� of thetrials.
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Figure 12. NormalizedADM-E histogram.Pointsetshave a
known translation,low noise,andmoderateoutlierprobability
( Ö ¸ � ¸ � ). M-B outperformsHorn in ���� ��	� of thetrials.
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Figure 13. NormalizedAQD histogram. Point setshave a
known translation,low noise,andmoderateoutlierprobability
( Ö ¸ � ¸ � ). M-B outperformsHorn in �
��� � ¸ � of thetrials.
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Figure 14. NormalizedADM-C histogram.Point setshave
unknown translation,low noise,andmoderateoutlier proba-
bility ( Ö ¸ � ¸ � ). M-B outperformsHorn in Ð	��� ÐeÐ	� of thetrials.
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Figure 15. NormalizedADM-E histogram.Point setshave
unknown translation,low noise,andmoderateoutlier proba-
bility ( Ö ¸ � ¸ � ). M-B outperformsHorn in ����� Ø�
� of thetrials.
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Figure 16. NormalizedADM-E histogram.Point setshave
unknown translation,low noise,andmoderateoutlier proba-
bility ( Ö ¸ � ¸ � ). M-B outperformsHorn in � ¸ � �
�
� of thetrials.


